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The fuzzy systems based on the universal triple I method are investigated, and then their
response functions are analyzed. First, the conclusions show that 100 fuzzy systems via the
universal triple I method are approximately interpolation functions, which can be used in
practical systems, and that 90 ones are approximately fitted functions, which may be usable.
Second, as its special cases, the Compositional Rule of Inference (CRI) method and the triple I
method are discussed, with the results that 19 fuzzy systems via the CRI method and 2 ones via
the triple I method are practicable. Therefore, the universal triple I method has larger effective
choosing space, which can obtain more usable fuzzy systems than the others. Lastly, it is found
that the first implication and second implication, respectively, embody the function of rule base
and reasoning mechanism, further demonstrating the reasonability of the universal triple I
method.
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444 Y. Tang & F. Ren

1. Introduction

Nowadays fuzzy reasoning and fuzzy system play an important role in fuzzy control,
decision making, artificial intelligence, image processing, natural language processing
and affective computing.'™ Every fuzzy system based on the CRI method® " can be
regarded as an interpolation method,®* which is a kind of approximation to a certain
response function. Currently, a fuzzy system used in the practical system is usually
constructed via the CRI method and a certain implication operator (defined as a
mapping [0, 1] — [0,1]).

To improve the CRI method, Wang put forward the triple I method of fuzzy
reasoning in 1999.'° The main idea of the triple I method is as follows:

For known A € F(X), B€ F(Y), and A* € F(X) (or B* € F(Y)), seeks the
smallest B* € F(Y) (or the largest A* € F(X)) such that

(A(z) — B(y)) — (A"(z) — B'(y)) (1)

takes the maximum for any z € X,y € Y, where F(X), F(Y) are respectively the
sets of all fuzzy subsets on the input universe X and output universe Y, while — is an
implication operator.

Following that, many scholars carried through a series of researches related to the
triple I method, including the triple I method,'!"!? the a-triple I method,'*'* the
restriction theory of triple I method,'”"1® the reverse triple I method,'”!® reversibility
property! %13 9,20
show that the triple I method possesses many advantages such as its logic basis,
excellent reversibility property, and the property of pointwise optimization, thus the
triple I method is better than the CRI method from the viewpoint of logic.

On the other hand, from the viewpoint of fuzzy system (which includes fuzzier,
fuzzy reasoning method, and defuzzier), the triple I method is further analyzed.

and logic basis of related triple I method'?*" and so on. Such results

In general, if a fuzzy system is only of step response ability (but not universal
approximator'), then it can hardly be utilized in any practical systems. Therefore, it
is vitally significant to analyze the response function of a fuzzy system. The fuzzy
systems employing singleton fuzzier, centroid defuzzier and the triple I method or
CRI method for fuzzy reasoning have been discussed. In Ref. 22, two fuzzy systems
can be used in 51 fuzzy systems based on the triple I method, while in Refs. 23, 12
fuzzy systems can be utilized in 23 fuzzy systems based on the CRI method. By direct
comparisons, the fuzzy systems via the triple I method are inferior to the ones via the
CRI method.?* Based on implication operator R, with parameter p, the fuzzy sys-
tems via the triple I method are of step response ability and then not practicable.?® In
Ref. 26, two fuzzy systems are practicable in 11 fuzzy systems via the triple I method,
while four fuzzy systems are usable in 11 ones via the CRI method, which are con-
structed by the same 11 implication operators.

Therefore, there are very few usable fuzzy systems based on the triple I method;
and the triple I method is not as good as the CRI method from the viewpoint of fuzzy
system, weakening the value of triple I method as an improvement of the CRI
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method. Such inferior response ability and practicability will hold back the further
development of the triple I method to a great extent.

To solve this problem, an important way is presented to improve the triple I
method. The CRI method can be seen as a special case of the triple I method only if
three implication operators in (1) are different.?* In detail, the CRI method (which is
expressed as B*(y) = supex{A*(z) A (A(z) — B(y))},y € Y) can be regarded as
the triple I method where formula (1) is changed into

(A(z) — B(y))—2(A"(2)—2B"(y)),

where —, takes the Mamdani operator R;.
Enlightened by this idea, we can let the latter two implication operators be same
and the first one unlimited, that is, generalize (1) to:

(A(z)=1B(y))—2(4"(2)—2B"(y)), (2)

where — and —, (respectively called the first implication and second implication in
the sequel) can take different implication operators, and the triple I method derived
from (2) is called the differently implicational universal triple I method of (1, 2, 2)
type (the universal triple I method for short). In Ref. 27, we have already proposed
and discussed the universal triple I method with some preliminary results. In this
paper, we shall systematically investigate the fuzzy systems based on the universal
triple I method and their response functions.

The rest of this paper is organized as follows. In Sec. 2, some definitions and
results of implication operators together with residual pairs are recalled; moreover,
for the solutions of universal triple I method, the related conclusions are introduced.
In Secs. 3 and 4, the single-input single-output (SISO) and double-input single-
output (DISO) fuzzy systems via the universal triple I algorithm are constructed
respectively, and then the response functions of corresponding fuzzy systems are
obtained. Section 5 draws the conclusion.

2. Preliminaries
2.1. Some related implication operators

From Ref. 28 the definition of residual pair is shown as Definition 2.1, which can help
establish unified forms of the universal triple I method.

Definition 2.1. Let — and ® be two [0, 1]?> — [0, 1] mappings, (—,®) is called a
residual pair or, — and ® are residual to each other, if

a®b<c¢ fb<a—c
holds for any a, b, ¢ € [0, 1], in which iff denotes “if and only if”.

From Ref. 27, (C1)-(C3) are the conditions for an implication operator to con-
struct residual pair (see the following theorem).
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Theorem 2.1. Let —: [0,1]> — [0,1] be an implication operator satisfying

(C1) a — b is nondecreasing w.r.t. b (a,b € [0,1]),
(C2) a — b is right-continuous w.r.t. b (a € [0,1], b € [0,1)),
(C3) {y€[0,1]la =y =1} # O (a € [0,1]),
and define ®_, : [0,1]*> — [0,1] as follows
a®_ b=Nye0,1)jb<a—y}, abe]|0,1],

then (—,®_,) is a residual pair, and a — b= V{y € [0,1]] a®_y < b}(where A,V
denotes infimum and supremum, respectively).

In this paper, we mainly consider 10 familiar implication operators. They are
Mamdani operator R, Zadeh operator R, Lukasiewicz operator R;, Godel oper-
ator R, Goguen operator Rg,, R, operator (from Refs. 10 and 29), and R.,, Ry, 5
(B€0,1]), R, o5 (from Refs. 27 and 30), together with revised Reichenbach oper-
ator Ry (from Ref. 31) as the following (where 2z’ denotes 1 — z).

Ry(a,b)=aANb, Rz(a,b)=a"V(aAb),

RL<a,b>={1’ R CUEE
a'"+b, a>0b, b, a>b,
1, a 1, a < b,
RGU(&’b):{(b/a)/\l7 a#0, R()(a’b):{a’\/b7 a>b,
1, a<b,
Bey(a,b) = {(2b —ab)/(a+b—ab), a>b,
1, a <b,
Ry o(a,b) =4 0B/a, B=a>b, (B€(0,1),
b, a>b, a> [,
1, a<b,
Ryfo.s(a» b) = {1 _ (\/IT— \/E)Z, 0> b
Ryp(a, b) = {1, o=
a’+ ab, a>0b.

2.2. The solutions of universal triple I method

In Ref. 27, we have already accomplished some works of the universal triple I method
of fuzzy reasoning, and here we briefly sketch in some related definitions and results
(from Ref. 27) in this subsection.

Definition 2.2. Suppose that A, A* € F(X), B € F(Y), and that nonempty set E is
the set of B* which makes (2) get its maximum for any z€ X,y € Y in
< F(Y),<p >, and finally that D* is the infimum of E. If D* is the minimum of
E, then D* is called a MinP-solution.
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Remark 2.1. Definition 2.2 gives the definition of optimal solution of the universal
triple I method. It is noted that < F(Y), <y > is a complete lattice where the partial
order relation <p on F(Y) is defined as: A;<pA, iff A;(y) < Ay(y) for Vye Y
(where Ay, Ay € F(Y)).

Theorem 2.2. Suppose that —, is an implication operator satisfying (C1)—(C4)
a<biffa— b=1(a,be[0,1]), and that ® is its residual mapping, then the MinP-
solution can be expressed as

B'(y) = sup{4'() & (A(x) =1 Bu))}. v V.

From Theorem 2.2, when the implication operator —, (in the universal triple I
method) satisfies (C1)—(C4), then the residual pair (—,, ®) can be generated, and
unified form of the universal triple I method can be established to allow different
implication operators to be employed in the same manner.

In the implication operators mentioned above, Ry, R¢, Reo, Ry, Rep, Rap—p, By—05,
Ry satisfy (C1)—(C4), thus Theorem 2.2 holds for these implication operators.

Proposition 2.1. The operations corresponding to Rg,Rg,,Rr,Ro,Rig,R
Rgy_p,Ry 5 in residual pairs are as follows, respectively.

a+b—1, a+b>1,

0, a+b<1,

epy

a®@ab=aNdb, aRgb=axb, a®Lb:{

anNdb, a+b>1, [(a+b—1)/a]Aa, a+b>1,
a®°b{0, arb<1, "7 0, at+b<1,
a®eb=ab/[2— (a4 b—ab)], a®4 b= ab/max(a,b,F)(3 < [0,1]),
1—(g(a,b))?, a,b) <1,
a®, o5b= (9(a, B))%,  g(a,b) (9(a, b)) =v1—a++Vv1-0).
0, g(a,b) > 1,
Proposition 2.2. (i) If —, is Ry, then the MinP-solution can be expressed as
B*(y) = supep, {A7(z) A (A(2)—1B(y))} (yeY),

where E, = {z € X |(A*(z))’' V0.5 < (A(z)—1B(y))}.
(ii) If —o is Ry, then the MinP-solution can be expressed as

B*(y) = sup,ex{A™(z) A (A(2)—1B(y))}, yeY. (3)
Remark 2.2. Notice that the solution of the CRI method is computed as
B*(y) = sup,ex{A™(z) A (A(z) — B(y))} (yeY), (4)

where — is an implication operator.**** Thus, from Proposition 2.2(ii), it is easy to

know that when —, is Ry, (and —; in formula (3) takes — in (4)), the universal
triple I method degenerates into the CRI method.

Remark 2.3. When —; = —, in (2), it is obvious that the universal triple I method
degenerates into the triple I method.
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The fuzzy partition is an important structure for fuzzy system, where its defini-
tion is as follows.

Definition 2.3. Let Z be any nonempty set and C = { C;} 1<;<,) a family of normal
fuzzy sets on Z, where the peak-point of C; is z; (i.e., the unique point satisfying
Ci(z;) = 1in Z). C is called a fuzzy partition of Z if (Vz € Z)(>_i-; Ci(z) = 1) holds,
and C; is defined as a base element in C. Thus C is also called a group of base
elements of Z.

Remark 2.4. It is obvious that Definition 2.3 implies (Vi,5)(i # j = z; # 2;) and
that C has Kronecker property (i.e., Ci(z;) =6; where 6; =1 if i=j, 6;=0
if i # 7).

3. SISO Fuzzy Systems Based on the Universal Triple I Method
and their Response Functions

Based on the universal triple I method, in this section we shall construct the corre-
sponding SISO fuzzy systems, and then analyze their response functions.

3.1. Construction of the SISO fuzzy systems via the universal
triple I method

Here we shall establish the SISO fuzzy systems via the universal triple I method.
Let X and Y be the input universe and output universe, respectively. Denote

A={A}u<icn), B={Bi}a<icn:

where A; € F(X), B; € F(Y) in which F(X), F(Y) are the sets of all fuzzy subsets
on X, Y respectively. A, B are regarded as linguistic variables, thus the fuzzy rea-
soning rules can be expressed as follows:

If zis A;, then yis B;, i=1,...,n, (5)

where z € X, y € Y are called base variables.

Similar to Refs. 8, 22 and 23, the reasoning relation of the ith inference rule can be
regarded as a fuzzy relation from X to Y (i=1,...,n), denoting by A;(z)—B,(y)
(where — is an implication operator). And such n rules can be connected by “OR”
relation, thus the whole reasoning rule should be

pi(z,y) £ Vi (Ai(z)—1Bi(y)).

Given A* € F(X), the reasoning conclusion B* € F(Y) can be gotten by the
universal triple I method of fuzzy reasoning. Therefore, formula (2) should be turned
into the following formula:

p1(z, y)=2(A"(2)=2B"(y)). (6)
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We have given some MinP-solutions derived from (2) (e.g., —4 € {Ry, Rz}),
then it is similar to get the MinP-solutions derived from (6). We only analyze the
case —5 = R as an example. For (2), by Theorem 2.2 we can easily get that the
MinP-solution is

B'(y) = sup{A*(z) A (A(2)—1 B(y))},
TEL,
where E, = {z € X|(A*(z))" < A(z)—1B(y)}. If we compare (2) with (6), it is easy
to find that (A(z)—,B(y)) is displaced by p;(z,y), which is the unique difference.
Thus, the solving process is not changed basically, we can similarly achieve that the
MinP-solution from (6) is
B'(y) = sup{A*(2) A pa (2, 1)},
TEL,

where E, = {z € X|(A*(z))" < p1(z, y)}.

Now we shall construct the SISO fuzzy system via the universal triple I method as
the following three steps:

(i) Since the input value of a fuzzy system should be a crisp number z* € X, to use
the universal triple I method of fuzzy reasoning, z* should be changed into a fuzzy set

by defining a singleton®?%%*

1, z=1o

A¥(x) =1 LA,

@={o Tpnea
which is called fuzzier.

(ii) Then, from A*, we get the reasoning conclusion B* by the universal triple I
method.

(iii) Because B* is a fuzzy set, it should be transformed into a crisp value y* as the
22-26

output value, which is called defuzzier. Usually the centroid defuzzier is in

common use, that is

. JyyBi(y)dy

N f Y B *(y) dy ’
However, the centroid defuzzier makes no sense when B*(y) = 0. In Ref. 30, several
defuzziers, including the centroid defuzzier, the center average defuzzier and
the defuzzier of average from the maximum were provided. The last one (that is,
the defuzzier of average from the maximum) which employs

% Ed d
hgt(B*) = 4y € Y|B'(y) =sup B*(y)} L :M7
ye¥ Jogicry @

(noting hgt(Y) = Y here), is partly similar to the centroid defuzzier. As a result, we
mainly utilize the centroid defuzzier; and when B*(y) = 0, we adopt the defuzzier of
average from the maximum. This method (taking two defuzziers) has been proved to
be valid.?%27

To sum up, there is an output y* = F(z*) for each input z*. Thus, the SISO fuzzy
system via the universal triple I method is constructed.
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In order to investigate response functions of fuzzy systems, suppose that A =
{A;} 1<i<n) and B = {B;} (1<i<y) are respectively fuzzy partitions of X and Y (in which
A;, B; are integrable functions); moreover, assume that X and Y are all real number
intervals, e.g., X =[a,b] and Y = [¢,d] where a < 21 < 2, <--- <z, < band ¢c<
Yy < Yy < -+ <y, < d,in which z;, y; are respectively peak-points of A;, B; and cor-
responding distributions (for {a, z;, s, ..., z,, b}, {¢, y1, ¥o,-- -, Yn, d}) are basically
uniform.

Let y =y —¢, by =y; —y;1 (6=2,3,...,n) and h = max;;<,{h;}. Since A
and B are all fuzzy partitions, they have Kronecker property: A;(z;) = 6, = B;(y;).
By the definition of definite integral, we achieve for the centroid defuzzier:

* fYyB* dy Z? 1 yzB (yz)hz
fyB* Zz 1 (yz) 7

Similarly, we get for the defuzzier of average from the maximum:

y* fhgt ydy ZL lyz zﬁ co.-
fhgt(Y) o1 hi

(7)

3.2. Response functions of SISO fuzzy systems via the universal
triple I method

For the constructed SISO fuzzy systems via the universal triple I method, here we
shall investigate their response functions.

For the MinP-solution B*, its equivalent form in the SISO fuzzy system is going to
be investigated (see Theorem 3.1).

Theorem 3.1. (i) Let —, € {Rq, Rg,, Ry, Ry, Ry—o5, Rap—s}, then the MinP-
solution B*(y) = p1(z*,y) in a SISO fuzzy system via the universal triple I method.

(ii) Let —4 € {Ry, R, Rz, R1p}, then the MinP-solution B*(y) = p;(z*,y) when
z* € E, and B*(y) = 0 when z* € X — E, in a SISO fuzzy system via the universal

triple I method.

Proof. (i) Suppose —3 € {R¢, R¢,, Ry, Rep}- We only prove the case of R as an
example. It follows from Theorem 2.2 that the MinP-solution can be expressed as

B*(y) = ig}g{A*(w) Api(z,9)},

where pi(z,y) = Ve (A;(x)—1B;(y)). As for input z*, we get a singleton

1 = r*
Al = { » T7 % Thus it is evident to get B*(y) = p1(z*, y).
0, z#z*

Suppose —, € {Ry,oﬁ, de,ﬁ}, We only prove the case of R,_ 5 as an example. It
is similar to get the MinP-solution

B*(y) = SEE{A*(CU)@yfo.sPl(% y)}
= sup{l — (V1= A @)+ /1= pi(z,9)*}, yev,
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where B, = {z € X|\/1— A*(z) + /1= p1(z,y) <1}, p1(z,y) = Vi, (Ai(x)—1 Bi(y)).
As for input z*, we get a singleton Aj.. It is easy to get z* € E,. Note that ®, (5 isa
t-norm, then 1®, 5b=band 0®,_(5b= 0 hold for any b€ [0,1]. Thus

A (2)Ry_0501(7,y) = 1@, _o501(2",y) = p1(2*, y)
when z = z*; and
AN (2)®y_o501(7,y) =0, _g5p1(z,y) =0

when z € X — {z*}. Hence B*(y) = sup,ex{A*(2)®,_05p1(7, )} = p1(z*, y).
(i) We only prove the case of —; = R, as an example. It follows from
Theorem 2.2 that the MinP-solution can be expressed as
B'(y) = sup{A"(z) A p1 (2, 9)},
e y
where B, = {z € X|(A*(z))" < p1(z,y)} and p;(z,y) = ViLi(4A;(z)—1Bi(y)). As for
input z*, we get a singleton A;.. If z* € E,, then we have E, = {z*} by the structure
of E,, and thus B*(y) =pi(z*,y). If 2* € X - E,, then E,=©;, and thus
B*(y) = 0. O

Based on the conditions where —; satisfies as well as the characteristics of fuzzy
partition (according to Definition 2.3 and Remark 2.4), we can prove Lemma 3.1,
which provides the basis for the following theorems. In fact, to analyze the response
function of fuzzy system via the universal triple I method, we find that (C5)-(C8) in
Lemma 3.1 are respectively important conditions for —; to determine the response
function to a large extent.

Lemma 3.1. In a SISO fuzzy system via the universal triple I method,
(i) if —1 satisfies one of the following conditions (a € [0, 1]):

(C5) a—1=1ora—0=1,
(C6) a—1=(14a)/2anda—0<1/2, ora—0=(144a)/2 and a — 1<
1/2, then py(z*,y;) > 0 for any z* € X(j=1,...,n);

(ii) if =1 = Ry, then py(z*,y;) > 0 for any 2* € X(j =1,...,n);
(iii) #f — satisfies one of the following conditions (a € [0, 1])

(C7) a—1=aanda— 0=0,
(C8) a—1=0anda—0¢€{a,l— a}l,
then there exists y; such that p,(z*,y;) > 0 foranyz* € X (j € {1,...,n}).

Theorems 3.2-3.4 provide the response functions of SISO fuzzy systems via the
universal triple I method, which are derived from the equivalent form of MinP-
solution and the condition that —; satisfies.

Theorem 3.2. Suppose that the MinP-solution is B*(y) = pi(z*,y), and that —,
satisfies (CT) in a SISO fuzzy system via the universal triple I method. Then there
exists a group of base functions A* = {A]}<i<pn) such that the SISO fuzzy system is
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approzimately a univariate piecewise interpolation function taking A} as its base
functions (i.e., F(z) =3 71 Aj(2)y;), and A* is a fuzzy partition on X. Especially,
if {Yi}<i<n) 8 an equidistant partition, then A* degenerates into A(i.e., F(z) =
> ic1 Ai(z)yi).

Proof. As for B*(y) = pi(z*,y) = Vi, (4;(z*)—1B(y)), since —; satisfies (C7)
and By(y;) = 6y, it follows from (7) that we obtain:

y* = fy yB*(y Zzn:1 Y B (yi) hi
fy B(y dy ie1 B (yi)
i1 Pl Vi (Ag(z) =1 Bi(v:))]yi _ ic1 hiAi (%) y;
Yo imn hilVis (Ap(2*) =1 Bi(vi)] S hiAy(z)

where there exists y; such that B*(y;) = p1(z*,y;) > 0 (i € {1,...,n}) by Lemma 3.1
(iil), so > iq B*(y;)h; > 0 and then (8) makes sense.

Denote
A () 2R A (o) / [Z heA ()

then we have y* ~ Y3111 A} (z")y;. Let A*2{A} 1<icn)s F(2)2 31, A (2)y;. Con-
sidering A (z;) = 6y, it follows that

F(z;) = ;AZ(@ [Z Ry A ]/{Z hi Ay, ] =y

for i=1,...,n, then F(z) is a univariate piecewise interpolation function which
regards A; as its base functions.

Furthermore,
iA}‘(:c) = Z_: lhﬁ@/(i h#h(w))] =1

holds for any z € X, so A* is a fuzzy partition on X.
At last, if {y;}q<i<n) is an equidistant partition (i.e., (Vi)(h; = h)), then it is
evident that A} = A;, A* = A, and hence F(z) = > 7, 4;(2)y;. |

(8)

Remark 3.1. In Theorem 3.2 (and also what follows), there exists an important
word “approximately” for several times. Here we shall interpret the meaning of
“approximately”. For the case of centroid defuzzier, it is easy to find that the key of
“approximately” lies in (see (7) and (8))

[y yB*(y)dy Z::L:1 y;i B* (y;) i
JyB(y Yy i B (yi)h
It follows from the definition of definite integral that we can get the following

interpretations (noting that the distribution for {c,yi, ¥y, ..., U, d} is basically
uniform): (i) if n is larger, then Y 1" y; B*(y;)h;/ > i1 B*(y;)h, is more approximate
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to [ v yB*(y)dy/ Ik v B*(y)dy; (ii) for any € > 0, there exists a natural number N such
that for any n > N we have

fyyB* )dy Z?lyz “(y;)hi
[y B (y)dy ie1 B* (i) h

It is noted that n is determined by users according to the actual demand. For the case
of defuzzier of average from the maximum, we can get similar interpretations.

Theorem 3.3. Suppose that the MinP-solution is B*(y) = p1(z*,y), and that —
satisfies (C6) or (C8), or —1 = Ry in a SISO fuzzy system via the universal triple I
method. Then there exists a group of base functions A* = {A}}1<i<n) such that the
SISO fuzzy system is approximately a univariate piecewise fitted function regarding

A} as its base functions (i.e., F(x) =3 1 A7 (z)y;)-

Proof. We only prove the case that — satisfies a — 1 =(l14a)/2and a — 0 <

1/2 as an example. As for B*(y) = pi(z*,y) = Vi (A;(z*)—1B;(y)), since
By.(y;) = by, it follows from (7) that we obtain:

y* ~ E? 1 le*(y’L)h’L _ ?:1 hl[vz:l(Ak(m*)_)lBk(yz))]yz
> im1 B (yi)h > imn ilVis (Ap(2*) =1 Br(vi)]
hil(1 + Ai(z*))/2]y;

= LT AE)] ©)

where B*(y;) = p1(z*,y;) > 0(i=1,...,n) from Lemma 3.1(i),s0 > iy B*(y;)h; > 0
and then (9) makes sense.
Denote

Ci(z*) £ (1+ A,(2%))/2, A?(w*)éhiCz(x*)/ [ihi@(w)

thus y* ~ > 7, Aj(2*)y;. Let A*é{A}‘}(lggm, F(z)23 ", Ai(z)y;. Considering
Aj(z;) = 0, we get (1 =1,...,n):

Jis

Flz,) = Dot hl(L+ Ay()) /2]y, Do h(L+ Ay(m)y;  hays + 2521 hyy;
Ukl Ay()/2) b+ Ay() R+ Xk

Obviously, it cannot make F(z;) = y; always hold for every 4, thus F(z) is a uni-
variate piecewise fitted function which regards A} as its base functions. O

Theorem 3.4. (i) Suppose that the MinP-solution is B*(y) = p,(z*, y), and that —
satisfies (C5) in a SISO fuzzy system via the universal triple I method. Then the SISO
fuzzy system is approzimately a step response function (i.e., F(x) = ¢;).

(ii) Suppose that the MinP-solution is B*(y) = a(a € [0,1]) in a SISO fuzzy system
via the universal triple I method, then the SISO fuzzy system is approzrimately a step
response function (i.e., F(z) = ¢;).
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Proof. (i) As for B*(y) = p,(¢*,y) = Vi (4;(z*)—1B;(y)), since — satisfies (C5)
and By (y;) = 6y, it follows from (7) that we have:

. Yo im1 ¥iB*(y:)h; _ i1 PV 1 (A(2) =1 Bi(y4))] v _ D1 by _

Y 3 n « n Co,
i1 B*(yi)hi iz1 hilV iy (Ag(z*) =1 Bi(y:)] > et hi ’
(10)
where B*(y;) = p1(z*,y;) >0 (i=1,...,n) from Lemma 3.1(i), thus > {1 B*(y;)h;
> 0 and then (10) makes sense. Thus the response function F(z) = c.
(ii) It can be divided into two cases.

(a) Suppose a = 0. Then B*(y) = 0 and the centroid defuzzier makes on sense, so we
utilize the defuzzier of average from the maximum. Thus y* = ¢y and the re-
sponse function can be expressed as F(z) = ¢;.

(b) Suppose a > 0, considering By (y;) = 6}, it follows from (7) that we can easily

get y* = Y iy yhi/ D i hi = co.

Therefore, the response function can be expressed as F(z) = c. O

Remark 3.2. The previous researches on response functions of fuzzy sys-
tems,??**2°27 are commonly derived from some specific implication operators.
However, Theorems 3.2-3.4 in this paper, are from the equivalent form of MinP-
solutions in fuzzy systems, which provide a new research idea. By such a new idea, it

is easier for us to grasp the essence of response functions.

If —, employs specific implication operator in the SISO fuzzy systems via the
universal triple I method, then we can get Corollaries 3.1-3.3. Here Corollaries 3.1
and 3.2 can be proved by virtue of Theorems 3.1-3.4. Then it follows from Corol-
laries 3.1 and 3.2 that Corollary 3.3 can be obtained.

Corollary 3.1. Suppose that —, € {R¢g, Rgo, Ry, Rep, Ry 05, Rgp—p} in a SISO

fuzzy system via the universal triple I method.
(i) Let — satisfy (C5), then the SISO fuzzy system is approzimately a step re-
sponse function.
(ii) Let —1 satisfy (CT7), then the conclusion is the same as Theorem 3.2.
(i) Let —; satisfy (C6) or (C8), or — = Ry, then the conclusion is the same as
Theorem 3.3.

Corollary 3.2. Suppose that —, € {Ry, Ry, Rz, Rig} in a SISO fuzzy system via the
universal triple I method.

(i) Let —, satisfy (C5), then the SISO fuzzy system is approzimately a step
response function.

(ii) Let — satisfy (CT), then there are two cases to be considered: (a) Suppose
z* € F,, then the conclusion is the same as Theorem 3.2. (b) Suppose z* €
X — E,, then the SISO fuzzy system is approzimately a step response function.
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(iii) Let — satisfy (C6) or (C8), or —| = Ry, then there are two cases to be
considered: (a) Suppose z* € E,, then the conclusion is the same as Theo-
rem 3.3. (b) Suppose * € X — E,, then the SISO fuzzy system is approzimately a
step response function.

Corollary 3.3. If —2 € {R07 RL7 RZa R107 RG7 RGm RM7 Repv Ry—0A5a de—ﬂ} and
— satisfies (C5') a — 1 = 1(a € [0, 1]), then the SISO fuzzy system via the universal

triple I method is approzimately a step response function (i.e., F(z) = ¢).

Remark 3.3. In Ref. 27, the following implication operators are also investigated.

Ryp(a,b) =a’' Vb, Rp,(a,b)=axb Ry(a,b) =0

1, a<b,

RR(aa b) =a' =+ aba RGR(aa b) =
0, a>b,

1, a<b, 1, a<b,

a'/b', a>b,

Rys(a,b) = { Ry7(a,b) = {

a', a>b.

Moreover, from Theorem 6.3 of Ref. 27, when —, € {Rgp, Rr4, Ry, Ry, Rag, Ri6,
Ry}, the SISO fuzzy system via the universal triple I method is approximately a
step response function, which can hardly be used in practical systems. Therefore,
in Secs. 3 and 4, we do not consider these implication operators as the second
implication —, (in the universal triple I method).

Remark 3.4. From Theorems 6.1 and 6.2 of Ref. 27, the response functions of the
SISO fuzzy systems via the universal triple I method were discussed. It is easy to get
that Corollaries 3.1(ii)(iv), 3.2(ii)(iv), and 3.3 in this paper, include the conclusions
of Theorems 6.1 and 6.2 of Ref. 27. What is more, these corollaries are induced by
Theorems 3.2—3.4, thus the related conclusions in this paper are superior to the ones
in Ref. 27.

Remark 3.5. RG7 RL7 RO7 RGm RGRa RKDa RR7 RY? Repa Ry70.57 deflh RlOa RlGa Rl?
obviously satisfy (C5). Besides, it is not difficult to get that the following implication
operators (from Ref. 22) also satisfy (C5).

b, a<b,

Rig(a,b) = { Rig(a,b) =1—ab, Ry(a,b)=(aA(l—a))Vb

0, a>b,

Therefore, if —9 € {R07RL7RZ7R107R07RG0,RM7R Ry,0_57de,5}, and —1 €

eps
{RG7 RL7 R()v RGm RGR7 RKD7 RR? RY? Rep> Ryf(]fn defﬁv R107 R167 Rl?? L) RQO}a then
the response function is a step response function (from Corollaries 3.1(i) and 3.2(i)),
which means that such SISO fuzzy system via the universal triple I method can hardly be

used in practical systems.
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Remark 3.6. (i) (C7) obviously holds for Ry, Ry, and the following implication
operators (from Ref. 23).

0, a+b<1, 0, a+b<1,
Ry (a,b) = 2(a,b) =
a, else, aNb, else,
Roy(a,b) 0, b<1, (a.b) 0, a+b<1,
a, = a, =
# a, else, - (a+b—1)/b, else,

0, b=0, 0, b=0,

al/t, else, a, else,

Rys(a, b) = { Rys(a, b) = {
Ryr(a,b) = ab/[1 + (1 — a)(1 = b)], Ras(a,b) = (a? + b2 — 1)/? Vv 0(p > 0).
If—>2 € {R07 RLa R27 R107 RGv RGoa RMa Rezn Ry—0.57 de—ﬂ}7 and —1 € {RM7 RLaa RZla
Ry, ..., Rog}, then — satisfies (C7). Thus the SISO fuzzy system via the universal
triple I method is approximately an interpolation function (which may demand
z* € E,) according to Corollaries 3.1(ii) and 3.2(ii). Hence it can be universal
approximator and then usable in practice.
(ii) (C6) obviously holds for Ryg, Rsy, R31, R3y (as follows), and (C8) evidently

holds for Rs3, R34, Rss, Rsg (as follows), in which new implication operators are from
Ref. 22.

Rog(a,b) = (a+b)/2, Rsp(a,b) =(1+a)/2 — ab,

Rsi(a,b) =(1—a)/2+ ab, Rs(a,b)=(1+a—10)/2,

R33(a,b) = a(1 —b), Rsy(a,b) =0V (a—1b),

R3s(a,b) = (a—ab)/(1 +b—ab), Rzs(a,b)=(1—a)(l—>b—ab)VO0.

If —y € {Ry, Ry, Ry, Ryg, Ry Rgoy Ry, Repy Ry—o5, Rap—p} and — € { Ry, Ry, - - -,
Rs, Rz}, then — satisfies (C6) or (C8), or —; = Ry, thus the SISO fuzzy system
via the universal triple I method is approximately a fitted function (which may
demand z* € E,) according to Corollaries 3.1(iii)(iv), 3.2(iii)(iv), and then it may be
usable in practical systems.

To sum up, when —, € {Ry, R, Ry, Ryg, R, Rgo, Ry Repy Ry—05, Ry} and
—1 €{Ry, Rrq, Rz, Ro1, Rop, ..., Ry}, the corresponding fuzzy system can be
practicable. Thus, 190 usable SISO fuzzy systems via the universal triple I method
are obtained in this paper.

Note that the universal triple I method degenerates into the CRI method if —4 =
R); (by Remark 2.2), then we can get the response functions of related SISO fuzzy
systems via the CRI method from Corollary 3.1, Remarks 3.5 and 3.6. In detail,
the SISO fuzzy system via the CRI method is approximately a step response func-
tion when —1 € {RG7 RL? R07 RGO’ RGR, RKDv RR; RYv Repv Ry70.5a defﬁv RlOv Rlﬁa Rl?
, -+, Rog}, which can hardly be used in practical systems. Moreover, the SISO fuzzy
system via the CRI method is approximately an interpolation function or a fitted
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function when —; € {Ry;, Ry,, Rz, Ro1, Roo, - - ., Rag }, which implies that such fuzzy
system can be usable in practical systems.

Remark 3.7. From Ref. 23, the SISO fuzzy system via the CRI method is
approximately an interpolation function if —€ {Ry;, Ry, ..., Rog}, and a fitted
function if —€ {Ryg, Ra; }, thus such 10 SISO fuzzy systems via the CRI method are
usable. It is easy to find that these results of Ref. 23 are the same as the related ones
in this paper. Moreover, besides these implication operators, we draw the conclusions
that the SISO fuzzy systems via the CRI method employing R, R;,, Ry, Ry, Rss,
Ras, ..., Rag are also usable. Thus, in this paper, we provide more usable fuzzy
systems via the CRI method (than Ref. 23).

If -, = —,, the universal triple I method degenerates into the triple I method,
then we can get Corollary 3.4.

Corollary 3.4. In the SISO fuzzy system via the triple I method,

(i) if =€ {Ry, Ry, Ryg, Rg, Roy Repy Ry—o5, Ry}, then the SISO fuzzy system is
approximately a step response function;
(ii) if — takes Ry, then the SISO fuzzy system is approximately a univariate
piecewise interpolation function;
(ii) if — takes Ry, then the SISO fuzzy system is approzimately a univariate
piecewise fitted function for the case of x* € E,, and a step response function for
the case of t* € X — E,,.

Remark 3.8. From Ref. 22, only two fuzzy systems are usable (where Ry, or Ry is
employed) in 51 SISO fuzzy systems via the triple I method. Such conclusions are the
same as the related ones in Corollary 3.4 in this paper.

4. DISO Fuzzy Systems Based on the Universal Triple I Method
and Their Response Functions

In the previous researches related to the fuzzy systems via the CRI method or triple I
method, it is common to discuss SISO fuzzy systems and DISO fuzzy systems. Therefore,
we shall investigate the DISO fuzzy systems based on universal triple I method.

4.1. Construction of the DISO fuzzy systems via the universal
triple I method

The DISO fuzzy systems via the universal triple I method shall be constructed.
Let X and Y be the universe of inputs z and y, respectively, and Z the universe of
output z. Denote

A= {Ai}(lgign)v B = {Bz‘}(lgign)a and C= {@}(19‘9)7

where A; € F(X), B; € F(Y), C; € F(Z) in which F(X), F(Y), F(Z) are the sets of
all fuzzy subsets on X, Y, Z, respectively. We regard A, B, C as linguistic variables,
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then the fuzzy reasoning rules can be expressed as follows:
If zis A; and y is B;, then zis C}, i=1,...,n, (11)

where z € X,y € Y,z € Z are called base variables.

Similar to Refs. 8, 22 and 23 and the case of SISO fuzzy system, the reasoning
relation of ith inference rule can be changed into (A;(z) A B;(y))—1C;(z), and we get
the whole reasoning rule

pi(z,y, 2)2 Vi ((Ai(z) A Bi(y)—1C4(2)).

Given A* € F(X),B* € F(Y), the reasoning conclusion C* € F(Z) can be
obtained by the universal triple I method of fuzzy reasoning. Therefore, (2) should be
changed into:

p1(; y, 2)=2((A"(2) A B*(y)) =2 C"(2)). (12)
It is similar to the case of SISO fuzzy system, we can get the MinP-solutions
derived from (12). We also analyze the case —y = R, as an example. For (2), the
MinP-solution is
B'(y) = sup{A"(z) A (A(z)—=1B(y))},
el
where E, = {z € X|(A*(z))" < A(z)—1B(y)}. If we compare (2) with (12), it is easy
to get that (A(z)—1B(y)), A*(z) and B*(y) are respectively displaced by p;(z, y, 2),
(A*(z) A B*(y)) and C*(z). Thus, we can similarly obtain that the MinP-solution
from (12) is
C*(2) = sup {(A"(z) A B (y)) A pi(e,9,2)},
(z.y)€k,
where B, = {(z, ) € X x Y|(4*(2) A B*(3))’ < pa(a, 1, 2)}.
Now we shall construct the DISO fuzzy system via the universal triple I method as
the following three steps:

(i) For a DISO fuzzy system, the input value is a crisp quantity (z*,y*) € X x Y.
So we should treat (z*, y*) by fuzzier (still using singleton fuzzier), and get

1 =z 1 =y*
A;*A{’ ‘ x* andB;}A{7 4 y*.
0, z#x 0, y#y

(ii) Then we achieve C* by the universal triple I method of fuzzy reasoning (from
the inputs A}. and Bj.).
(iii) Similar to Sec. 3.1, we mainly adopt the centroid defuzzier, i.e.,

. [0 (2)dz
“ 7 J,C*(2)dz"
and when C*(z) = 0, we utilize the defuzzier of average from the maximum (which
takes hgt(C*) ={z € Z| C*(2) =sup,czC*(2)} and then 2*= fhgt(Z) zdz/
tht(Z) dz, where hgt(Z) = Z here).
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To sum up, there is an output z* = G(z*, y*) for each input (z*, y*). Then a DISO
fuzzy system via the universal triple I method is constructed.

To discuss the response functions of DISO fuzzy systems, suppose A = {4, } 1<i<pn),
B = {B;}(1<i<n) and C = {C;} 1<i<n arerespectively the fuzzy partitions on X, ¥ and
Z (where A;, B;, C; are integrable functions). We assume that X, Y and Z are all real
number intervals, e.g., X =[a,b], Y =[c¢,d] and Z =[e,f] in which a < z; <
Tg < < x, < bc<y <Y< --<y,<dande< 2z < 2 < -+ < 2, < f, where
x;, Y;, 2; are respectively peak-points of A;, B;, C; and corresponding distributions (for
{a, 21, Zoy ...,z b}, {C, 01, Yo, - -, Yny A}, { €, 21, 20, - - ., 20, f},) are basically uniform.

Let hy =2 —e h;=2—2_1 (1=2,3,...,n) and h = max;<;<,{h;}. Since A, B
and C are all fuzzy partitions, they have Kronecker property: A;(z;) = B;(y;) =
Ci(2;) = 6;. By the definition of definite integral, we obtain for the centroid
defuzzier:

. [,2C%(2)dz ~ > i1 20 (2) by
[, C*(2)dz i1 C*(z)h;

(13)

Similarly, we get for the defuzzier of average from the maximum:

2= fhgt(Z) adz ~ > ie1 Zihy édo
J hat(2) P i1 hi

4.2. Response functions of DISO fuzzy systems via the universal
triple I method

In this subsection, for the established DISO fuzzy systems via the universal triple
I method, their response functions shall be analyzed.

The equivalent form of MinP-solution C* in the DISO fuzzy system is going to be
researched (see Theorem 4.1).

Theorem 4.1. (i) Let —5 € {Rg, Rgo, Ry, Rep, Ry—05, Ryp—p}, then C*(z) =
p1(z*, y*, 2) in a DISO fuzzy system via the universal triple I method.

(il) Let —4 € {Ry, Ry, Rz, Ry}, then C*(z) = p,(z*, y*, 2) when (z*,y*) € E,,
and C*(z) = 0 when (z*,y*) € E, in a DISO fuzzy system via the universal triple I
method.

Proof. (i) Suppose —, € {R¢, R¢,, Ry, R, ;. We only prove the case of R as an
example. It is similar to Theorem 3.1(i) that the MinP-solution can be expressed as

C*(2) = sup {A"(z) AB*(y) Api(z,9,2)},
(z,y)eXXY

where p1(2, 9, 2) = VI ((4,(x) A By(y))—1 Ci(2)). As for input (s, y°), we get

1, o=a"
Al =47 P77 and B, =
0, z#uz* :

Thus it is evident to get C*(2) = p,(z*, ¥*, 2).

1, y=y
0, y#y*
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Suppose —5 € {R,_o5, Rgp_s}, We only prove the case of R, 5 as an example. It
is similar to get that the MinP-solution can be expressed as

C*(2) = sup {(A"(z) A B*(y)) ®y—0501(7, Y, 2) }
(z,y)eXxY

:(51)155{1—(\/1—(14* z) A B*(y +\/1—p1my, ))}7

where

Ez:{(may)GXXY|\/17(A* )/\B* +\/:I-fpl T, Y,z )<1}v

pr(2,,2) = VI (Ai(®) A Bi(y))—1 Ci(2)). As for input (a7, "), we get A% and
Bj,.. It is easy to get (z*,y*) € E,. Note that ®, (5 is a t-norm, then 1®, o5 b =0
and 0®,_5b = 0 hold for any b € [0, 1]. Therefore,

(A*(x) A B*(y)) ®y70A5P1(fC, Y, 2) = 1®y70A5P1(fU*, Y, 2) = pi(z*, ¥, 2)

when (z,y) = (2%, y"); and
(A*(ZL‘) A B*(y)) ®y—0.5p1($a Y, Z) =0 ®y—045 pl(xv Y, Z) =0
when (z,y) € X x Y — {(z*, y*)}. Hence

C*(Z) = sup {(A*(z)/\B*(y))(@nyE’) pl(xa Y, Z)} :pl(x*ay*7z)'
(z,y)eXxY

(ii) We only prove the case of —5 = R as an example. It is similar to Theorem 3.1(ii)
that we have the MinP-solution

C*(2) = sup {A"(z) A B(y) A p1(z,y,2)}
(z.y)€E,

where E, = {(z,3) € X x Y| (4"(2) A B'(9))’ < pr(3,3,2)} and p(2,9,2) = VI,
((Ai(z) AB;(y))—1Ci(2)). As for input (z*, y*), we get A3. and B,.. If (z*,y*) € E,,
then we obtain E, = {(z*, y*)} by the structure of E,, and thus C*(z) = p,(z*, y*, 2).
If (z*,y*) & E,, then E, = @ and hence C*(z) = 0. O

In the light of the conditions where —; satisfies together with the characteristics
of fuzzy partition, Lemma 4.1 can be obtained. It is found that (C5)—(C8) in Lemma
4.1 are respectively significant conditions for —; to research the response function of
the DISO fuzzy system constructed by the universal triple I method.

Lemma 4.1. In a DISO fuzzy system via the universal triple I method,

(i) if —1 satisfies (C5) or (C6), then py(z*,y*,2;) >0 holds for any (z*,y*) €
XxY(G=1,...,n);
(ii) if =1 = Ry, thenpl z*,y*, z;) > 0 holds for any (z*,y*) € X x Y (j =1,...,n);
(iil) #f — satisfies (07) or (C8), then there exists z; such that py(z*, y*, ;) > 0 holds

for any (z*,y*) € X x Y (j € {1,...,n}).
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The response functions of DISO fuzzy systems via the universal triple I method
are obtained in Theorems 4.2-4.4 (from the equivalent form of MinP-solution and
the condition that — satisfies).

Theorem 4.2. Suppose that the MinP-solution is C*(z) = p,(z*, v*, 2), and that —
satisfies (C7) in a DISO fuzzy system via the universal triple I method. Then there
exists a group of base functions ® = {¢;}1<i<n) such that the DISO fuzzy system is
approzimately a binary piecewise interpolation function taking ¢; as its base

functions (i.e., G(z,y) = > L1 pi(@, y)2).
Proof. As for C*(z) = pi(z*, 9", 2) = Vi1 ((Ai(z") A Bi(y*))—1Ci(2)), since —
satisfies (C7) and Cy(z;) = 6y, it follows from (13) that we obtain:
S 212G (z)hi 3 oit zil Vi (Aw(z™) A Bi(y)—1 Cp(zi)] i
iz1 C*(2i)h; i [Vis ((Ar(z) A Br(y*))—1 Cr(zi))] b
_ 2 i1 zi(Ai(@) A Bi(y)) b (14)
i1 (Ai(z*) A Bi(y)hi
where there exists z; such that C*(z;) = pi(z*,y*,2) >0 (i€ {1,...,n}) by
Lemma 4.1(iii), so > iy C*(2;)h; > 0 and then (14) makes sense.
Denote

Ci(z*,y" )= A;(z") A Bi(y"),

i7", y*) £ h;Ci(z* y/thCz y]

then we get 2" =~ i p;(z*,y")z. Let @ = {Wz‘}(lgign)y G(z, y)éZL CHENNER
Considering A (x;) = Bi(y;) = 614, We get

Gz, y:) = sz ) A Bi (i) b ]/lzﬂ: (Ag(z;) A Bk(yi))hk]

h=1
= Zhl/hl - ZZ
for i=1,...,n, then G(z,y) is a binary piecewise interpolation function which
regards @; as its base functions. O

Similar to Theorems 3.3 and 4.2, we can prove Theorem 4.3, which analyzes the
case that — satisfies (C6) or (C8), or —; = Ry.

Theorem 4.3. Suppose that the MinP-solution is C*(z) = p,(z*, v*, 2), and that —
satisfies (C6) or (C8), or —1 = Ry in a DISO fuzzy system via the universal triple I
method. Then there exists a group of base functions ® = {gpl} (1<i<n) Such that the
DISO fuzzy system is approximately a binary piecewise fitted function regarding ; as
its base functions (i.e., G(z,y) = > i1 pi(z, y)2).

It is similar to Theorems 3.4 and 4.2 that Theorem 4.4 can be obtained, which
researches the case corresponding to the step response function.
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Theorem 4.4. (i) Suppose that the MinP-solution is C*(z) = p,(z*,y*, z), and
that —1 satisfies (C5) in a DISO fuzzy system via the universal triple I method.
Then the DISO fuzzy system is approximately a step response function (i.e.,
G(z,y) = do).

(ii) Suppose that the MinP-solution is C*(z) = a(a € [0, 1]) in a DISO fuzzy system
via the universal triple I method, then the DISO fuzzy system is approzimately a step
response function (i.e.,G(z,y) = dy).

Following that, when —, employs specific implication operator in DISO fuzzy
systems via the universal triple I method, we can similarly achieve Corollaries 4.1
and 4.2.

Corollary 4.1. Suppose that —, € {R¢, Ry, Ry, Rep, Ryo5, Rgp—p} in a DISO
fuzzy system via the universal triple I method.

(i) Let — satisfy (C5) (especially —, € {Rg, Ry, Ry, Rgo, Rgr, Rkp, R, Ry,
Ry, Ry o5, Ragy_p, Rigs Rigy Raz, ..., Ry}), then the DISO fuzzy system is
approximately a step response function.

(ii) Let — satisfy (C7) (especially —1 € {Rys, Rra, Ro1, Roa, ..., Rag}), then the
conclusion is the same as Theorem 4.2.

(i) Let —1 satisfy (C6) or (C8), or —1 = Ry (especially —1 € {Rog, Rag, - - -, Rag,
Rz}), then the conclusion is the same as Theorem 4.3.

Corollary 4.2. Suppose that —, € {Ry, Ry, Rz, Riy} in a DISO fuzzy system via
the universal triple I method.

(i) Let — satisfy (C5) (especially —1 € {R¢, Ry, Ry, Ry, Rer, Rkp, R, Ry, Ry,
R, o5, Ryp_p, Rig, Ry, Ru7, ..., Ra}), then the DISO fuzzy system s
approximately a step response function.

(ii) Let — satisfy (C7) (especially —1 € {Rys, Rpy, Ro1, Rog, - .., Rog}), then there
are two cases to be considered: (a) Suppose (z*,y*) € E,, then the conclusion is
the same as Theorem 4.2. (b) Suppose (¥, y*) & E,, then the DISO fuzzy system
is approzimately a step response function.

(iii) Let — satisfy (C6) or (C8), or —1 = Ry (especially —1 € {Rag, Ray,- - ., Rsg,
Rz}), then there are two cases to be considered: (a) Suppose (z*,y*) € E,, then
the conclusion is the same as Theorem 4.3. (b) Suppose (z*,y*) € E,, then the
DISO fuzzy system is approximately a step response function.

Remark 4.1. It is similar to Remark 3.5 that if we take —, € {Ry, Ry, Rz, Ry,
RG} RGO? RM7 Rep, Ry70.57 deaﬁ} and — 1 € {RGv RL» SR()v RGm RGRa RKD7 RR? RYv
R.,, Ry o5 Ry_p, Rip, Ry, Ri7,..., Ry}, then the DISO fuzzy system via the
universal triple I method is approximately a step response function, which can hardly
be used in practical systems. It is similar to Remark 3.6 that if —, € {R, Ry, Rz,
Rl()v RGa RGm RM7 Re[n Ry70.57 de,g} and —1 € {RZ7 RM7 RLm R?la R227 L) R36}7
the DISO fuzzy system via the universal triple I method is approximately a fitted
function or an interpolation function (which may demand (z*, y*) € E,), thus it can
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be usable in practice. As a result, 190 usable DISO fuzzy systems via the universal
triple I method are provided. Moreover, it is easy to find that the DISO fuzzy system
via the universal triple I method is basically consistent with the SISO fuzzy system
via the universal triple I method from the viewpoint of response function.

Take into account that the universal triple I method degenerates into the CRI
method if —9 = R);, then we can get the response functions of related DISO fuzzy
systems via the CRI method from Corollary 4.1 and Remark 4.1. In detail, the DISO
fuzzy system via the CRI method is approximately a step response function where
—1 €{Rq, R, Ry, Ry Rar, Rkp, Bp, Ry, Rep, Ry_o5, Ry, Rig, Rigs Buzy- -5 Rao s
which can hardly be used in practice. Moreover, the DISO fuzzy system via the CRI
method is approximately a binary piecewise interpolation function or fitted function
where — € {Ry, R4, Rz, Ro1, Rog, . .., Ry}, meaning that such DISO fuzzy system
via the CRI method can be usable in practical systems.

When —; = —,, the universal triple I method degenerates into the triple T
method, thus we can get Corollary 4.3.

Corollary 4.3. In the DISO fuzzy system via the triple I method,

(i) if =€ {Ry, Ry, Ryg, R, Rgoy Repy Ry 5, Ryp—p}, then the corresponding DISO
fuzzy system is approximately a step response function;
ii) if — takes Ry, then the DISO fuzzy system is approximately a binary piecewise
(ii) if M Y sy pp y Y P
interpolation function;
iii) if — takes Ry, then the DISO fuzzy system is approximately a binary piecewise
(iii) f 2 Y sy pp y Yy p
fitted function for the case of (z*, y*) € E,, and a step response function for the

case of (z*,y*) € E,.

Remark 4.2. From Ref. 23, the DISO fuzzy system via the CRI method is
approximately a binary piecewise interpolation function if —€ {Ry;, Ry, ..., Rog},
and a binary piecewise fitted function if —€ { Ry, R3;}, hence such 10 DISO fuzzy
systems via the CRI method are practicable, which are consistent with the case of
SISO fuzzy systems via the CRI method. Similar to Remark 3.7, the related
conclusions of the DISO fuzzy systems via the CRI method (in this paper) are the
same as the ones of Ref. 23, and this paper provides more usable DISO fuzzy systems
via the CRI method (e.g., taking Ry, Rr,, Rz, R3y, R3a, Ras, .. ., Rsg).

Remark 4.3. From Ref. 22, only two DISO fuzzy systems are usable (where R, or
R is employed) in 51 DISO fuzzy systems via the triple I method. Such conclusions
are consistent with the related ones in Corollary 4.3 in this paper.

Remark 4.4. In Ref. 27, only the case of SISO fuzzy system via the universal triple I
method was considered (with a few preliminary conclusions). However, in this paper
we discuss the cases of both SISO and DISO fuzzy systems via the universal triple I
method, and point out that the conclusions (from the viewpoint of response function)
of such two cases are basically consistent.
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Remark 4.5. In Secs. 3 and 4, the fuzzy systems via universal triple I method are
analyzed, where

—9 € {Ry, Ry, Rz, Ry, R, R, Ry, Reypy Ry 5, Ry} (altogether 10 operators)

eps

and

—1 € {RGa RL7 R07 RGm RGR7 RKD) RR7 RY7 Rep7 Ry—OAE)a de—ﬂ)
Ry, Rz, Ry, Rrg, Rig, Ri7, ..., Rsg} (altogether 36 operators).

Thus there are altogether 10 x 36 = 360 fuzzy systems via universal triple I method.
It can be divided into three cases (where —, € {Ry, Ry, Rz, Rio, R, Rao, B,

Rep> Ry70.57 deﬂ'f}):

(a) When —; € {Rg, Rr, Ry, Reo, Rar, Rkp: R, Ry, R, R, o5, Ripp, Rio, R,
Ry7,..., Ry}, the response function is a step response function, and such 10
17 = 170 fuzzy systems can hardly be used.

(b) When — € {Ry;, Rrq, Ro1, Roa, - .., Rag}, such 10 x 10 = 100 fuzzy systems are
approximately interpolation functions, and can be usable in practice.

(¢) When —; € {Rog, Rsg, ..., Ry, Rz}, such 10%9 =90 fuzzy systems are ap-
proximately fitted functions, and then may be usable in practical systems.
As a result, 100 4+ 90 = 190 fuzzy systems via the universal triple I method are
usable.

Remark 4.6. From the results mentioned above, we draw the conclusions that
when —5 € {Ry, R, Ry, Ry, R, Rgos Ruyry Repy Ry—5, Rap—p}, 190 fuzzy systems
via the universal triple I method are usable, and 19 fuzzy systems via the CRI method
are practicable, and two fuzzy systems via the triple I method are usable. Therefore,
in the scope of —5 € {Ry, Ry, Rz, Ryg, R, Rgoy Ry, Rep, Ry 5, Ryp—p}, usable fuzzy
systems via the universal triple I method are more than ones via the CRI method or
triple I method. Thus, the universal triple I method has bigger effective choosing

space.

We shall give some examples of DISO fuzzy systems based on the universal triple I
method, where —y = Ry, —; = Rj; (which has excellent response ability). And we
take A= {Ai}(ISiSS)vB = {Bi}(1§i§5)v and C= {Ci}(ISiSEJ) where A; € F(X),
B; € F(Y), C; € F(Z) are triangular fuzzy sets in which X =Y = Z =[0,1]. The
peak-points of Ay, A,, ..., A5 are 0,0.25,0.5,0.75, 1 respectively, and the expressions
of Ay, Ay, ..., Ay are as follows (and the ones of By, By, ..., Bs together with Cy, Cy
,..., Cys are similar):

(0.25 — 2)/0.25, 0 < z <0.25,
A =
(@) {O, else,
z/0.25, 0 <2<0.25,
Ay(z) =<1 (0.5—1)/0.25, 0.25 < z < 0.5,

0, else,
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(z—0.25)/0.25, 0.25 < z < 0.5,
Ag(z) = (075—:1:)/025 0.5 < z <0.75,
0, else,

(z—0.5)/0.25, 0.5 <z <0.75,
Ay(z) =< (1-2)/0.25, 0.75<z<1,
0, else,
(z — 0.75)/0.25, 0.75 <z < 1,
asto) = {; 1
, else.

The part rules are as follows:
(i) Ag, Bs — Cy, (i) Ag, By — Gy,  (ili) A3, B; — Cy,
(IV) A3,B4 — 02, (V)A37B3 — 037 (Vl) A4, Bg — 037
(Vll) A4, B4 — 027 e

465

Then some specific examples can be obtained, which are shown in Table 1. In
detail, the computing process of the first and second examples in Table 1 are illus-

trated in Examples 4.1 and 4.2.

Example 4.1. Suppose that the input is (z*, y*) = (0.45,0.9). Then it is similar to

Theorem 4.1 that we have

C*(2) = prla*,y", 2) = Vi [(Ai(a") A
= V2, [(4,(0.45) A B;(0.9) A C, <
= [(A45(0.45) A B5(0.9)) A C1(2)] V [(42(0.45) A B4(0.9)) A Cy(2)]
V[(A3(0.45) A B5(0.9)) A C1(2)] V [(A3(0.45) A B4(0.9)) A Cy(2)]
=[0.2A0.6 A Cy(2)] V[0.2A0.4 A Cy(2)]
V[0.8A0.6 A Cy(2)] V[0.8 A0.4 A Cy(2)]
=1[0.6 A C1(2)] V[0.4 A Cy(2)],

where it relates to the rules (i)—(iv), and we get

0.6, 0<2<0.1,
(0.25 — 2)/0.25, 0.1 < z<0.15,

C*(z) =<} 04, 0.15 < 2<04,
(0.5—2)/0.25, 0.4<2<0.5,
0, else.

Finally, we obtain by the centroid defuzzier that

_ J3#C*(2)dz _ 0.04225
[,C"(2)dz ~ 0.205

*

= 0.2061.
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Table 1. Some examples of DISO fuzzy systems based on the universal triple I method.
Input (z*, y*) C*(z) Output z*
(0.45,0.9) 0.6, 0<2<0.1, 0.2061
(0.25—2)/0.25, 0.1 < z<0.15,
C*(z) =< 04, 0.15 < 2<04,
(0.5 — 2)/0.25, 04 < 2<0.5,
0, else.
(0.6,0.7) 2/0.25, 0<2z<0.15, 0.3173
0.6, 0.15 < 2 < 0.35,
CH(2) = (0.5 - 2)/0.25, 0.35 < z < 0.45,
0.2, 0.45 < 2<0.7,
(0.75 — 2)/0.25, 0.7 < z2<0.75,
0, else.
(0.875,0.1) (#—0.5)/0.25, 0.5 < 2<0.6, 0.7852
0.4, 0.6 < 2<0.85,
C*(z) = § (#—10.75)/0.25, 0.85 < z < 0.875,
0.5, 0875 <2< 1,
0, else.
(0.45,0.25) (z—0.25)/0.25, 0.25 < 2<0.3, 0.6897
0.2, 0.3 < 2<0.55,
. (z—0.5)/0.25, 0.55 < 2 < 0.7,
2 =190, 0.7<2<0.8,
(1—2)/0.25, 08<2<1,
0, else.
(0.35,0.85) 0.4, 0<2<0.1, 0.2312
2/0.25, 0.1 <2<0.15,
C*(z) =< 0.6, 0.15 < 2 < 0.35,
(0.5 — 2)/0.25, 0.35 < 2<0.5,
0, else.
(1.0,0.2) (z—0.5)/0.25, 0.5<2<0.7, 0.7548
0.8, 0.7<2<0.8,
C*(z) =< (1—2)/0.25, 0.8 < 2<0.95,
0.2, 0.95 < z<1,
0, else.
(0.625,0.6) 2/0.25, 0<2<0.1, 0.3870
0.4, 0.1 < 2<0.35,
O () = (z—0.25)/0.25, 0.35 < 2 <0.375,
0.5, 0.375 < 2 < 0.625,
(0.75 — 2)/0.25, 0.625 < 2 < 0.75,
0, else.
(0.65,0.4) (z—0.25)/0.25, 0.25 < 2 <04, 0.6048
0.6, 0.4 < 2<0.6,
0o (2) = (0.75 — 2)/0.25, 0.6 < z<0.65,
0.4, 0.65 < z < 0.9,
(1—2)/0.25, 09<z<1,
0, else.
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Example 4.2. Suppose that the input is (z*, y*) = (0.6,0.7). Then we can get

C*(z) = p1(z*, y*, 2) —Vz (A(z%) ABy(y7))—1Ci(2)]
= ViL[(4:(0.6) A B;(0.7)) A Ci(2)]
= [(A3(0.6) A B4(0.7)) A Cy(2)] V [(A3(0.6) A B3(0.7)) A C3(2)]
V[(A4(0.6) A B4(0.7)) A Co(2)] V [(A4(0.6) A B3(0.7)) A C3(2)]
=1[0.6 A0.8A Cy(2)] V[0.6 A0.2 A C5(2)]
V[0.4 A 0.8 A Cy(2)] V [0.4 A0.2 A Cy(2)]
=1[0.6 A Ca(2)] V [0.2 A C5(z)],

where it relates to the rules (iv)—(vii), and we have

2/0.25, 0<2<0.15,
0.6, 0.15 < z < 0.35,

C*(2) = (0.5—2)/0.25, 0.35 < z<0.45,
0.2, 0.45 < 2<0.7,
(0.75 — 2)/0.25, 0.7 < 2 < 0.75,
0, else.

Lastly, we achieve by the centroid defuzzier that

_ [0 (2)dz 00825

=0.3173.
fZ C*(z dz 0.26

Before the end of this section, we shall analyze the duty of first implication —
and second implication —4 in the universal triple I method. It is not difficult to know
that the form of the solution of universal triple I method is basically determined only
if —, is chosen (i.e., —, takes an implication operator), and hence —, determines the
reasoning mechanism to a large extent (see e.g., Theorem 2.2 and Proposition 2.2).
Meanwhile, —; often exists as the form of (A(z)—B(y)) (or pi(z,y) and so on),
which embodies the function of rule base. What is more, the second implication has
leading status for the universal triple I method in virtue of its effect on direction of
inference.

Summarizing above, the second implication and first implication, respectively,
embody the reasoning mechanism and function of rule base. Thus, the way which lets
—1, — take different implication operators, corresponds to separating of the rule
base and reasoning mechanism, which further demonstrates the reasonability of the
universal triple I method.

5. Conclusions

To solve the problem that the effect of the triple I method is imperfect from the
viewpoint of fuzzy systems, we generalize the triple I method to the universal triple
I method, and investigate the fuzzy systems (via the universal triple I method) and
their response functions. The main contributions and conclusions are as follows.
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The fuzzy systems via the universal triple I method are constructed, and then the
response functions of 360 fuzzy systems are discussed. We get the following results.
(a) If we take —, € {Ry, Ry, Ry, Ry, R, Ry, Ry, Ry, Ry o5, Rypp}, and — €

{Ru, Rra; Ro1, Rog, ..., Rog}, then the fuzzy system based on the universal
triple I method is approximately an interpolation function. Hence such 100
fuzzy systems can be universal approximators and then usable in practical
systems.

(b) If we employ —, € {Ry, Ry, Ry, Ry, R¢, Rgo, Ry, Ry, Ry 5, Rgp—p} and
—1 € {Ryg, Rag, ..., Rag, Rz}, then the fuzzy system based on the universal
triple I method is approximately a fitted function. Thus such 90 fuzzy systems
may be usable in practical systems.

(c) If we take —y€{Ry, Ry, Ry, Ry, Rg, Reo, Ry, Ry, Ry_o5,Rgp—p}, and
—1 € {R¢, Ry, Ro, Rgos Rars Rips Ry Ry Reps Ry 05, Rap-ps Ry, Ry, Razs
..., Ry}, then the response function is a step response function. Therefore such
170 fuzzy systems based on the universal triple I method can hardly be used in
practice.

The results show that 190 fuzzy systems via the universal triple I method are
usable, and that 19 fuzzy systems via the CRI method are practicable, and that two
fuzzy systems via the triple I method are usable. Therefore, usable fuzzy systems
based on the universal triple I method are more than ones based on the CRI method
or triple I method. Thus, the universal triple I method has larger effective choosing
space. As a result, from the viewpoint of fuzzy systems, the universal triple I method
is superior to the triple I method and CRI method.

Some related conclusions of Refs. 22, 23 and 27 are improved from the viewpoints
of research idea, quantity of usable fuzzy systems and so on (see Remarks 3.2, 3.4,
3.7, 3.8 and 4.2-4.4).

It is pointed out that, in the universal triple I method, the first implication and
second implication respectively embody the function of rule base and the reasoning
mechanism. Therefore, in the universal triple I method, there exists the idea of
separating of the rule base and reasoning mechanism, further demonstrating the
reasonability of the universal triple I method. Meanwhile, the universal triple I
method has close relationship with the triple I method and CRI method. Thus, it is
easy to find that the research of universal triple I method will help analyze the
essence of the triple I method and CRI method, and further improve the development
of fuzzy reasoning theory.

For the case of m-input and single-output (where m is any natural number and
m > 2), how can we get the response functions of the corresponding fuzzy systems
(via the universal triple I method)? And what happens for the case of m;-input and
my-output (where m,, my are any natural numbers and mq, my > 1)? Moreover, if
we employ other fuzzier and defuzzier,***> how can we design and analyze the cor-
responding fuzzy systems (via the universal triple I method, or the triple I method
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and so forth)? These problems are more complicated and will be investigated in
another paper.

It should be emphasized that our research group has already carried out a lot of
works revolving around affective computing and natural language processing.'?5 !
As one of the main problems of affective computing, recognizing human emotion can
be carried through by the theory of fuzzy system. Here we only provide the main
idea. We can analyze and extract the main factors determining human emotion (from
the input information which may be natural language, phonetic information, ex-
pressive information, brain wave and so on). Such factors can be expressed by fuzzy
language and then be regarded as the input of fuzzy system; while the output is the
fuzzy set which represents corresponding emotion state derived from these factors.
Thus it is not difficult for us to obtain the fuzzy reasoning rules expressed as follows:

If z, is A}, zyis AY,..., and z,,is A", then yis By(i=1,...,n), (15)

where Al A%, ... Al respectively express the factors (determining human emo-
tion), and B; represents the corresponding emotion state. Therefore, a fuzzy system
(of m-input and single-output) for recognizing human emotion can be established.
This will be an important way to investigate human emotion recognition, since the
fuzzy system (including fuzzy reasoning) provides an excellent way to deal with the
fuzzy, uncertain characteristics which are the essence of human emotion. Such works
will be our research emphases in the further research.
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