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Abstract—Domain knowledge can be introduced into fuzzy clus-
tering with the aid of information granules, embodied by the con-
cept of viewpoints. For such kind of fuzzy clustering methods, the
strategy of acquisition of viewpoints has not been fully developed.
Furthermore a way of determining the related information gran-
ules deserves more attention. Having these problems in mind, in this
study, the density Viewpoint-based Weighted Kernel Fuzzy Clus-
tering (VWKFC) algorithm is proposed. First, the kernel-based
hypersphere density initialization (KHDI) algorithm is presented
as a certain prerequisite, in which the kernel distance is utilized
instead of the Euclidean distance. Besides, a novel density radius is
put forward. Second, the concept of the weight information granule
is established, which incorporates two parts. The feature weight
matrix is provided, where different weights are assigned to different
features to reduce the influence of unrelated features. Meanwhile a
sample weight is assigned to each data point, thus the influence of
noise and outliers on clustering can be reduced to a certain extent.
Third, the data point with the highest local density obtained by
KHDI is regarded as the density viewpoint. Then we combine kernel
mechanism, density viewpoints, weight information granules and
a maximum entropy regularization to design the VWKFC algo-
rithm, and prove its convergence. Experimental results validate
that VWKEFC is superior over eight related clustering algorithms
with regard to five evaluation indexes, especially when processing
high-dimensional data. It has been shown that VWKFC makes the
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selection of initialized cluster centers and viewpoints more rea-
sonable, and obtains better clustering results, and achieves higher
convergence speed.

Index Terms—Feature weighting, fuzzy c-means, fuzzy cluster-
ing, granular computing, information granules.

1. INTRODUCTION

LUSTERING divides similar data points into a single
C group (cluster) as far as possible through the similarity
calculation of data points in the dataset, and makes the data
among distinct clusters as different as possible [1], [2], [3],
[4]. As an unsupervised machine learning algorithm, it has the
evident advantage of processing a large amount of data without
prior training, so it plays an important role in many fields [5],
(61, [71, [8].

In the early days, clustering analyses mainly referred to hard
clustering. The hard clustering algorithm strictly classified data
objects into a certain cluster. Recently, Rodriguez and Laio [9]
proposed a clustering algorithm RLM to quickly find the peak
density, which was a typical hard clustering algorithm.

In addition to hard clustering, another important clustering
method is fuzzy clustering, which is a generalization of hard
clustering. In 1969, Ruspini introduced fuzzy sets into clustering
analyses, which resulted in the fuzzy clustering method. Among
many fuzzy clustering algorithms, the Fuzzy C-Means (FCM)
algorithm [10], [11], [12] was most widely used. By minimizing
the objective function, the FCM algorithm conveniently calcu-
lated the cluster centers and the membership degree of each data
object. In this way, it made the same cluster as compact as possi-
ble and separated different clusters as far as possible. However,
the FCM algorithm was very sensitive to the initialization of
cluster centers. Meanwhile a small number of outliers and noise
points in the dataset could easily affect its clustering results.

Later, many scholars proposed improvements to the generic
version of FCM. Krishnapuram and Keller [13] proposed the
Possibilistic C-Means (PCM) algorithm, which removed the
constraint of membership degrees in FCM. It reduced the influ-
ence of possible noise and outliers. However, PCM was easy to
produce the problem of consistent clustering. In [14], a new pos-
sibilistic fuzzy clustering algorithm called PFCM was proposed
by combining possibilistic value and membership degree, which
eliminated the clustering consistency problem of PCM. In [15],
[16], [17], the kernel function was introduced into clustering,
which was used to replace Euclidean distance for calculation
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and the Kernel-based FCM (KFCM) algorithm was proposed.
Chen and Zhang [15] employed the idea of kernel method to
calculate the distance between the sample and the cluster center
in fuzzy clustering. They calculated these distances using the
Gaussian kernel function (instead of the Euclidean distance) and
showed that they were more robust to noise and outliers. Zhou
et al. [18] raised the maximum-entropy-regularized weighted
fuzzy c-means (EWFCM) algorithm, which introduced a feature
weight matrix to represent the weights of different features. Yang
and Nataliani [19] proposed a feature weight entropy-based
feature reduction FCM (FRFCM) algorithm, which used a fea-
ture reduction mechanism. This made that clustering irrelevant
features could not continue to play an important role in the
clustering process. However, EWFCM and FRFCM were still
sensitive to the initialization of cluster centers and easily affected
by noise, although they realized the selection of features in the
clustering process. Verma et al. [20] introduced the particle
swarm optimization (PSO) idea into FCM, and put forward a
hybrid FCM-PSO (H-FCM-PSO for short) algorithm by com-
bining the advantages of FCM and PSO. It avoided local minima
trapping problem since the centroid of its cluster was computed
by using PSO through candidate solution.

Domain knowledge can be introduced into fuzzy clustering
with the aid of information granules. The Viewpoint-based
Fuzzy C-Means (V-FCM) algorithm was proposed by Pedrycz
et al. [21]. Here the viewpoints were the entry points of do-
main knowledge, and the core mechanism here embodied the
processing of information granules. Usually, the viewpoint was
determined by the user. Through the setting of viewpoint,
users could observe the structure of data from some suitable
perspective. The V-FCM algorithm realized the control of the
cluster centers in the iterative process through the viewpoint
and led to good results. Following this point, Tang et al. [22]
proposed the Density Viewpoint-induced Possibilistic Fuzzy
C-Means (DVPFCM) algorithm, which presented the Hyper-
sphere Density-based Clustering Center Initialization (HDCCI)
method to generate the cluster centers by looking for the density
peak points. It overcame the sensitivity to the initial cluster
center and took the local cluster center with the largest density
as the viewpoint. This approach made the cluster center less
susceptible to noise and outliers.

There are two key problems in the current viewpoint-based
fuzzy clustering methods.

e The extraction strategy of viewpoints is imperfect. How

to choose ideal viewpoints becomes a critical problem.
The viewpoints in V-FCM were artificially specified and
appeared to be arbitrary to some extent. Although the
DVPFCM algorithm utilized the RLM algorithm as a strat-
egy to extract viewpoints, it still appeared rough in terms
of specific processing techniques.

® In the original expression, the description and calculation

of information granules are not elaborate enough. In par-
ticular, a more detailed expression mode is needed for
the effect of each feature attribute of the data under the
environment of information granules.

Aiming at these problems, in this study, we put forward
the density Viewpoint-based Weighted Kernel Fuzzy Clustering
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Fig. 1. Overall research idea of the VWKFC algorithm.

(VWKEFC) algorithm. Fig. 1 shows the main idea of the method.
Its originality is embodied as follows. 1) A novel computing
method is presented for density viewpoints, in which a new
density radius is provided. 2) The kernel distance is employed
instead of the Euclidean distance to calculate local density of
data points, and then a more reasonable initialization strategy of
the cluster centers is established. 3) The concept of the weight
information granule is established, which includes a feature
weight matrix for different features and a sample weight for
each data point.

The paper is arranged as below. In Section II, we propose
the Kernel-based Hypersphere Density Initialization (KHDI)
algorithm as a strategy of pretreatment, and then come up with a
new weighted fuzzy clustering algorithm called VWKFC, which
is driven by the kernel mechanism, density viewpoints as well as
weight information granules. Section III shows the experimental
studies to verify the performance of the VWKFC algorithm.
Section IV gives a summary and outlook.

II. THE VWKFC ALGORITHM
A. The KHDI Algorithm

Most of the previous fuzzy clustering algorithms are sensitive
to the initialization of the cluster centers, and are easy to be
disturbed by noise (or outliers). It is difficult to find correct
clustering structure when processing high-dimensional datasets.
To overcome the sensitivity to the initialization of the cluster
centers, here we put forward a new cluster center initialization
method.

Assume that the dataset is X = {z;}/_,. Commonly the
Euclidean distance is taken as the non-similarity measurement
between different data points, namely d;; = ||x; — x| (i,j €
{1,2,..., N}). Given that in some cases it is difficult to find a
proper function to partition the data in the original space, then
it is difficult to obtain the ideal effect by using the Euclidean
distance. Then a good guidance tool is the kernel function, which
can transform the data points in the original feature space into
the higher-dimensional feature space.
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Based on this idea, we use the kernel distance to replace
the commonly used Euclidean distance (where ¢ is a mapping
from the original space to the high-dimensional space, which
embodies the kernel function):

dij=|p(xi) — d(a;) > = K (2, ) = 2K (i, 25) + K (2, 25).

(1)
Here the Gaussian radial basis function (RBF) is adopted for
calculation, and the kernel is expressed as

lz—y||?

K(z,y) =€ 2% . 2

o is the width parameter to control the range of the kernel
function. Because the distribution of this function is the width
parameter to control the radial range of the kernel function. The
distance is given as

llwg—wjl?

dij :2—2K(in,l‘j) =2-—2e 202, (3)

Here the kernel distance is utilized instead of the Euclidean
distance, which is able to make the clustering algorithm more
robust to noise and outliers [15], [16]. Based on such idea, we
propose the Kernel-based Hypersphere Density Initialization
(KHDI) algorithm.

Due to the introduction of the Gaussian RBF, to facilitate
the calculation, we first need to conduct standardized pro-
cessing to the data. Here, we adopt range transformation to
normalize the data. Suppose that X = {x1,xo,...,zy} is the
data to be processed. Here for z; (j =1,2,...,N), there is
xj = {xj1,252,...,2;5}, and L is the feature number of the
data points. We can get an original data matrix:

T11 T12 1L
X= ... ... .. .. )

ITN1 TN2 ITNL
For zj; (j=1,2,...,N; 1 =1,2,...,L) in the matrix, nor-

malization is performed as follows:
’ Ty — mink(xkl)

man(LL'kl) - mink(xkl) (k < {17 2 ’N}) (5)

Here we reveal the effect of using (5). By means of range
transformation, the influence of different variables (features)
in the data is eliminated. The features of different orders of
magnitude are transformed to the [0, 1] interval, so that all the
features play the same role in the clustering process. Another
advantage of standardizing is that the data is mapped to the
interval of [0, 1] after transformation. Then we only need to set
o in the RBF as 1 to achieve good results.

After standardized processing, we calculate the local den-
sity p; of each data point z; with the following formula (2 =
1,2--- /N):

g\ — mini(p))
= max;(p]) — min, ()

(6)

Here x(z) = {(1) T <0 and d;; is calculated according to (3)

, otherwise
and r denotes the density radius.

In the DVPFCM algorithm, they treat the distribution of the
whole dataset as a hypersphere and its diameter is the maximum
distance between points. Then the density radius in DVPFCM
is calculated by:

T:max(du)/ZC (Z7j € {172 vN}) (7

Here C' is the number of cluster centers. However, we find that
the pivotal distance also need to be taken into account, as it
reflects the degree of compactness within the data. Therefore in
this study, the value of density radius is changed into:

r = (max(di;) — min(di;))/C (i, € {1,2--- ,N}).  (8)

Here (8) takes into account both max and min, which is more
comprehensive and detailed than (7).

To determine the initial density center, we need to compute
the pivotal distance d; derived from the data points with larger
local densities, which is expressed as

N} ©)

If x; has the highest local density, then we employ the piv-
otal distance as &} = max{dy;|j =1,2,...,N}. Then &' is
0, —min, (97)
max; (0} )—min; (97,)

&; = min{d;;[p; > pi, j=1,2,...

also normalized to the interval [0,1],1.e., §; =
(i=1,2--- N).

The work here is based on the idea of which the cluster centers
are determined by the search of density peak. If a data point
is the cluster center, then it should have a high local density p;
and a large pivotal distance J;. Therefore, we sort the data with
the following parameter 7;:

Tj = Pj X(Sj. (10)

The larger the parameter 7;, the more likely that the correspond-
ing data point x; is the cluster center. If it is not the center point
of clustering, it may have a high local density p;, but its distance
0, will be relatively small. If it is a noise or outlier point, it may
have a large pivotal distance d;, but its local density p; will be
small. As a result, the mechanism of large 7; can help resist
noise and outliers.

Then, we arrange the data in descending order according to
the parameter 7;, and select the data points that are likely to be
the cluster centers. In order to prevent the selected cluster centers
from being too close to each other, a sound way is to ensure that
the distance between the selected initial cluster centers is greater
than the following distance d..:
%(CM(LJ'E{LQ---,N}). (11)
Here parameter a is used to adjust the distance between centers.

We employ the idea of viewpoints in [21], which was directly
provided by the user. But the selection method of viewpoints
here is different. In detail, after obtaining the initialized cluster
centers, we take the cluster center with the largest parameter 7
(namely the first data point in descending order) as a viewpoint
x4. Because such data point 24 has a high local density and a
large pivotal distance, we can take it as a real cluster center and
explore the whole data structure from this point of view.

For the KHDI algorithm, the introduction of the kernel-based
distance (instead of the Euclidean one) has a certain effect to

de =
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TABLE I
THE KHDI ALGORITHM

Inputs: A dataset X = {zj };V:] , cluster number C, the width control
parameter o of Gaussian RBF.

Outputs: Cluster center V. = {v; }?:1 and viewpoint x .

Procedure: KHDI (Data X, Number C')
vV =1
The original data are normalized through (5);
The density radius 7 is determined by binary search method;
The local density of data points is computed by (6);
The pivotal distance is calculated by (9) and normalized to [0,1];
The parameters 7 ; of the data points are computed by (10);
The distance d . between centers is calculated by (11);
T = {7‘7' };-\,:1 is arranged in descending order, and get the
corresponding dataset x/ according to the descending order of T
The data point J./l is selected corresponding to 77 , and is taken as
the first cluster center v, and we let V.= V U vq;
The first selected cluster center is taken as the viewpoint,
ie,xg = vy
Set num =1, index = 2;
repeat
while ||z} — V|| < dc
index = index + 1;
V=Vuaz];
num = num + 1
until num = C;
return V., x

end procedure

resist noise and outliers. Moreover, with the help of (10), the

mechanism of large 7; allows the viewpoint and the initial cluster

centers (obtained by KHDI) to avoid noise and outliers as much

as possible. To sum up, on the strength of the kernel-based

distance and the mechanism of large 7;, the KHDI algorithm

can reduce the influence of noise and outliers to a certain extent.
The operational flow of KHDI is shown as Table I.

B. The VWKFC Algorithm

We put forward the concept of the weight information granule.
This includes two phases. On the one hand, we give a feature
weight matrix, in which different weights are assigned to dif-
ferent features of any data. On the other hand, we provide a
sample weight to each data in a dataset. Such structure for
dataset is called a weight information granule. As a result, in
the process of clustering, the original data is developed into a
weight information granule.

Through the KHDI algorithm, we get the initialized cluster
centers V(©) and viewpoint 4. Here we use the viewpoint 4
to replace one cluster center. There are several cluster centers,
and then we need to determine which cluster center should
be replaced by the viewpoint x4. Aiming at such problem,
we can find the cluster center v, closest to viewpoint x4 in
the obtained cluster center matrix. Then x4 replaces v, and
occupies the position g. As a result, such position ¢ is used
to represent the row position of the viewpoint in the cluster
center matrix. In detail, we use ¢ = arg(min(dyq)) to represent
the position of the viewpoint in the cluster center matrix. dyq
represents the distance between x4 and v,. That is, we find the
cluster center v, with the smallest distance to viewpoint x4, and
replace v, with viewpoint 4. In this case, we calculate it by the
kernel distance dgq = ||¢(z4) — (vq)||?. During the operation

of the algorithm, since the value of ¢ will constantly change, the
position of the viewpoint will also constantly change.

Here we put forward the density Viewpoint-based Weighted
Kernel Fuzzy Clustering (VWKFC) algorithm. Its objective
function is shown as follows (where ¢ is the mapping in (1)):

c N L
J = Z Zaju?f ZwilH(b(l’jl) — p(vg)|]?
i=Lizq j=1 =1

N L
+ ) ogupt > wallé(a) — dlaa)?
j=1 1=1

c L
+47t Zzwil In wy;.

(12)
i=1 =1
Among them,
1<
a; = ol Zexp (_”l'j _ vz(O)”) ) (13)
i=1
And the constraint conditions are (j =1,2,...,N, i=
1,2,...,0):
c L
D wig =1y wy =15 wiy > 0. (14)
i=1 =1

In (12), C represents the number of clusters, and IV denotes
the number of data points to be processed. L is the number
of features of the data, and ¢ indicates the row position of the
viewpoint. Besides, u;; stands for the membership degree of j-th
data point x; to the i-th cluster, and its range is [0, 1]. m is the
fuzzy coefficient, and its value range is (1, +00). w;; signifies
the weight of the feature, indicating the importance of the -
dimension feature of the data to the ¢-th cluster center in the
clustering process. y is a positive regularized parameter.

On the basis of our experience, we have found that each sam-
ple z; (i.e., the data point x ; in the dataset X') may have different
importance for the clustering process (j € {1,2,..., N}). For
example, if some samples are located at or near the center
of a bunch of data, then these samples are obviously more
important for clustering. In consequence, we wish to design a
weight related to each sample z; in the objective function of the
proposed algorithm. Here we call it the sample weight, which
is denoted by «; for every z; (j € {1,2,...,N}). Note that
v§0> represents the i-th initial cluster center obtained by KHDI.
The initial cluster centers V(°) obtained by KHDI is basically
close to the reference cluster centers. Therefore, we can measure
the importance of each data point x; through the initial cluster
centers V(9. Note that the kernel distance is used here, which
is more exquisite than the Euclidean distance, especially for
high-dimensional data. In view of this point of view, we can

employ the average kernel distance between z; and all initial

cluster centers UEO) to express the importance, i.e., using (13)

to characterize the sample weight «;. Then, the closer z; is
to the initial cluster centers, the larger the sample weight o
is, and the greater the role this point z; plays in clustering.
As a consequence, the weight of noise points and outliers far
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away from the initial cluster centers will be reduced as much
as possible, and thus the influence and role of noise points and
outliers on the clustering result will be greatly weakened.

Note that it is a minimization problem for this objective
function expressed by (12), while our goal is to find the minimum
value of (12). As for the underlying design idea, this objective
function is divided into three items. The first item is calculated
when the cluster center is for the case of non-viewpoint, in
which it corresponds to the situationof i € {1,2,...,¢g—1,¢+
1,...,C}. Here the sample weight «v; and the feature weight w;;
are utilized, which constitute a weight information granule. The
second item is computed when the cluster center is a viewpoint
(obtained by the KHDI algorithm), which focuses on the case
of i = q. It reflects the effect of the viewpoint mentioned above.
Therefore, the second item does not need to include the cluster
number C. As for the third item, i.e., v+ =% | S wy Inwyy,
it reflects the negative entropy of feature weight w;;. Note
that the feature weight w;; characterizes the probability of the
l[-dimension contributing to clustering results (i =1,...,C;
l=1,...,L). The third item can stimulate more dimensions
to contribute to the identification of clusters. Through this kind
of strategy, we are able to avert the trouble of recognizing
clusters by few dimensions when we are faced with sparse data.
As a consequence, the third item can optimize the distribution
of feature weights, and identify the important features in the
data. This makes the objective function more scientific and
effective. Moreover, the first and second items express the same
connotation, just for different ¢. In fact the first two items can
form a whole. Finally, by choosing the appropriate value of ~,
we can balance the first two terms and the third term, so as to
achieve a better clustering effect.

Furthermore, we can combine the first term and the second
term of (12) and unify the viewpoints and non-viewpoints in
the cluster centers to express them in G = {gil}icz’ilzl. The
simplified objective function is expressed as follows:

C N L C L
SN aul > walld(ei) — sl 1P+ > wa lnwi,
i=1j=1 =1 i=11=1
(15)
in which gil = {xil’ ! ks
Ldl, 1 = (-
(16)

x4, represents the /-dimension feature of viewpoint x4 obtained
by KHDI.

C. lIterative Formulas of VWKFC

Through the use of the Lagrange multiplier method, the
updated iterative formulas of VWKFC are as follows (i =
1,2,...,C;5=1,2,...,N;1=1,2,...,L):

1

(i wallgtan) - slgal?) ™
25:1 (Zf:l ws||p(z51) — ¢(gsl)|‘2)7m

a7

uij =

TABLE II
THE VWKFC ALGORITHM

Inputs: Data X = {_LJ }é\’:l' cluster number C, m, o, =, iteration stop

threshold & and maximum number of iterations i M .
C,N

Outputs: Membership matrix U = {u ij }z j=1 cluster center matrix

G = {gi}?zl.and feature weight matrix W = {wll}zclil

Procedure: VWKFC (X, C, m, o, v, &, i M)
The cluster centers G(O) is initialized by running KHDI, and the
density viewpoint @ is obtained;
Set w;; uniformly as 1/ L ( L is the feature number of data);
Let iter = 0;
repeat

iter = iter + 1;

Compute . ; by (17), and update U (P267) = [u, ,];
Calculate g; by (19), and renew Gliter) — [9:]:
Figure up w;; by (18), and update W (16€7) = [4.1]

until ||G(iter) _ q(iter—1)|| < ¢ oriter > iM;
return U (iter) g(iter) yy(iter).

end procedure

exp{—y L, aguffli(zin) — Slga)*}

Wi = T N ™ o

> s—1 exp{—y Zj:l QU [¢(zjs) — ¢(gis) |17}
(18)

Ldi, 1= q,
(wjim9a)?
gil = E;-vzl ajuiwie 202 1y . (19)
(wji-9:)% #
S agultwae 70

We summarize the execution process of the VWKFC algo-
rithm, which is displayed in Table II.

D. Proof for the Convergence of the VWKFC Algorithm

Zangwill gave a point-to-set function ¥ : Y — Q(Y'), where
Q(Y') denoted the power set of Y and a closed point-to-set
map was defined. But the VWKFC algorithm is a point-to-point
function while the “closed” attribute is “continuity” for the
situation of point-to-point function. Let R be the set of all real
numbers.

Theorem 1: (Zangwill’s convergence theorem, [23])Let the
point-to-point function ¥ :Y — Q(Y') derive {z,}72, with
Zk+1 = U(zg). Suppose that a solution set S C'Y is provided
and

i) there exists a continuous function J : Y — R such that, if
y &S, then J(¥(y)) < J(y), while if y € S, then J(¥(y)) <
J(y);

ii) U is continuous at y if y ¢ S;

iii) all elements zy, are in a compact set of S C Y.

If these conditions are satisfied then the algorithm shall stop
at the solution set denoted by € or the limit of any convergent
subsequence shall be in €.

Denote Mf = {U = [uij]CXN| chzl U5 = 1, Z;V=1 Uij >
0,u;; > 0} and M, = {W = [wy]coxi] Zle wi =1, wy >
0 (Z = ]-7 27 BERE) C)}’ and My = {G = [gil}CxL}-

In order to verify the convergence of VWKFC, we need
to define VWKFC operator ¥,. Then we could discover the
sufficient and necessary condition for a strict minimizer of the
VWKEFC objective function by discussing the Jacobian matrix
and the bordered Hessian matrix.
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Let Uz : (RE)Y x M, — M; with Up(G,W) =TU"=
[wij]oxn, where u;; is computed by (17).

Let Wr : My x (REC — M, with Wr(U,G) = W*
[wi1] e« 1, where w;; is determined by (18).

Let Gr : My x (RLYC x M, — (RL)C with
Gr(U,G,W) =G* = [gu]loxs, where g; is obtained by
(19).

Definition 1: The VWKFC operator V., : M; X
(REYC x My, — My x (REYY x M,, is defined by V.=
U30Wy0W;  where Wy:M;x (REY x M, — My x
(RE)C x My, with W,(U,G, W) = (Ur(G, W),G, W),
Uy : My x (R)Y x M, — My x (RE)Y x M, with
U,(U,G, W) = (U,Gr(U,G, W), W) and Us: M x
(REYC x M, — My x (RE)C x M, with U3(U,G, W) =
(U,G,Wr (U, G)). Then, one has

v.(U,G,W)
= (V30V30W1)(U,G, W) = U3(V2(V1(U, G, W)))
= U3(¥2(Ur(G,W),G,W)) = ¥3(U",Gr(U", G, W), W)
— (U, G, Wr(U%, GY) = (U, G, W),
where
U* = Ur(G, W),G* = Gr(U,G, W), W* = Wr(U,G).

Theorem 2: (Lagrange’s theorem, [24]) Suppose that f :
Dy — R (where Dy C R") and h; : Dy, — R (where Dj,; C
R" i=1,...,t, t <n) are continuously partially differen-
tiable and z° = (29,...,2%) € Dy is a local extreme point
of f such that hi(x1,...,2,) =0 holds (i=1,...,t). Let
La(z; 1) = f(x1,. ., 20) + Sy Adihi(21, ..., @) and

8}7,1 (I) .. 8h1 (:E)
Oz Oz
= .| #£0
Ohi(z) ~ Ohi(z)
Oz Oxy

at z° (where | .J| means the determinant of J ). Then, one has that
the gradient of La(z; 1) at (z°;1°) is 0, i.e., 57 LA (2% A%) = 0.

Theorem 3: (Local sufficient conditions, [24]) Let f : Dy —
R (where Dy C R™), and Dy, € R™ (inwhichi =1,...,1,t <
n) be twice continuously partially differentiable and let (x°; \0)
with 2° € Dy be a solution of the system <7 La(x%; A°) = 0. Let

9%La 9%La
o0 - 0 oroxy  Or 0z,
0 . 0 92La .. _9%La
H (I’ )\) _ oA Oy oA O,
Lal® 92La .. _0%La 92La ... _0%La
6$18}L1 8:1018)% 83:18w1 6w18a:n
9%La .. _9%La 9%La ... _9%La
Ox, Ory 0x,0 s Ox,0x1 0T, Oxy,

be the bordered Hessian while take into account its leading
principle minors |H, (2% 1%)| of r =2t + 1,2t +2,...,n+t
at (295 1°). As a result, the following conclusion can be obtained.

i) If all leading principle minors |H, (x5 10)|,2t +1 <r <
n + t, possess the sign (—1), then x° = (29,...,2°) is a local
minimum point of [ satisfying h;(x) =0 (i =1,...,1).

i n

i) If the signs of all |H,(x%;)0)|, r=2t+1,2t+
2,...,n+t, are alternated and the sign of |H, (2°;1°)| =
|Hp (2% 19)| is that of (—1)", then 2° = (29, ...,2%) is alocal
maximum element of f satisfying h;(x) =0(i=1,...,t).

iii) If neither the criteria of i) nor those of ii) hold, then
20 is not a local extreme element of h satisfying h;(z) =0
(¢ =1,...,t). Here, the situation in which one or several lead-
ing principal minors have a value of zero is not considered a
violation of i) or ii) (unnumered Equation)shown at the bottom
of next page.

Theorem 4: (Generalized Heine-Borel theorem, [25]) Each
closed and basically bounded subset of a topological space is
compact.

For convenience, we denote O;; = Zlel wi||é(xj1) —
dlg)* i =1,2,...,Candj =1,2,...,N).

Lemma 1: Suppose that G = G and W = W are fixed, then
Jywirc(U, G,W) subject to Zf’;l u;j =1 is locally mini-
mized at U* = [uj;|cx N if and only if uj; satisfies (17).

Proof: Because for any ¢, the constraints ZZC=1 u;; = 1 are
the same, viz., h;(z1,...,2n5) = ... = hy(21,...,2N), We
can only analyze a specific i. Therefore, Vi, the Lagrangian
function is

C N L
T =33 S wallé (i) — dlgn)l?
=1

i=1 j=1
L C
+,_yfl Zzwll lnwil + A <ZU” - 1) 5
=1 1=1 i=1

in which A is embodied as a Lagrangian multiplier. Using the
gradient of J* w.r.t. u;; and A, one has

L
aJ* _
S = QM S S wallg(ai) — d(ga)ll* + 21 =0, and
I =1
C
oJ*
G = Z’uij—lzo.
=1

It can be concluded that:

1

u( . )
Vo \am SE wallé@n) - ega)?)

From the constraint condition of membership degree, we
achieve:
—X

C C m—1
Z;W_§;<%mszmw@m¢@mw>

Then, from these two formulas, one has

1

(s walloan) — olgu)l?)
S (S walléi) - o(ga) 2

As a result, “only if”” condition is proved.

Uij = —.
m—1

N—
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Moreover, we yalidate the case for “if” condition from The-
orem 3. If G = G and W = W are fixed, then

82‘]* m—2
W = %”%Tha]m(m — ].)U,L]
L
x Y wall (1) — lga)|®
=1
and
0%.J* N 02 J* -
8ui7‘8)» o 8A8uij B
Here & is a Kronecker index with
S AR R L)
0, 1#£7] 0, r#h

Thus, the bordered Hessian matrix w.r.t. u;; and A is

0 1 1. 1
9%J* 0
Hia (uij, 4) = o .
) ) ' 82‘J}<
1 0 0 ducnNOucN

Then every leading principle minors are analyzed as un-
numbered equation shown at the bottom of this page. Hence,
it follows from Theorem 3 that Jywgrc (U, v, W) satisfying
ZiC:l u;; = 1lislocally minimized at U* = [uﬁj]CXN with V7, j

1

olou)l?) "
- ¢(gsl)||2)7ﬁ

(Sl wallétes) -
S (S walléen)

*
U, ;

Proof: The Lagrangian function is

ZZ% ] Zwmw 1) — dlga)
=1 j=1
c L c L
+47! Z Zwil Inwy + A Z(l — Zwﬂ),
i=1 1=1 i=1 =1

in which A, is utilized as a Lagrangian multiplier. The partial
derivative of feature weight wy; is calculated and the result is set

to zero, and the following resultis obtained (i = 1,2,...,C;l =
1,2,...,L):

N

> agulilléei) — ool +771 (1 + nwg) — i = 0.

j=1

After derivation, we get:

N
wip = eV exp § =7y aguiflé(ase) — ¢lga)ll?

Jj=1

From the constraint condition of feature weight, one has:

I N
e(h17-1) ZeXp —72@7%7’“(/5(%‘1) N
=1 5=l

Then we obtain the updated expression of w;; :
N m
exp{— > ajutllo(zi) — ¢(ga)[*}
L N m ‘
2 s exp{—y 25 auil|é(xss) — d(gis) 17}

Hence, the “only if”” condition is validated.
For the “if”” condition, 1f U =Uand G = G are fixed, then

=1.

$lga)l®

wj =

R . U one has aa‘]"%” = 3y, ——. Here & is a Kronecker index with
Lemma 2: Suppose that U = U and G = G are fixed, then ingort 7
Jywrre(U, G, W) satisfying Zlel wy = landwy > Oismin- g, _ L= "
imized at W* = [w}|cx 1, if and only if w}; satisfies (18). 0, 1#r
Leading principle minors of Hr, (uij, A):
0 1
|Hs(uj,27)] = | L ajm(m — L)uy} 204, 0 ,
ajm(m 1)1/27.17 2j Joj =5 A =A"
= —[aym(m — 1)uf}” 2015 + ajm(m 1)“3}72@21']1@:“}7/\:?»* <0,
3 3
|Hy(us, 1) == | D[] esmlm — 1)ul26,, <0,
i=1 p=1
P uj = A=t
. and
c c
|Hepa (up, A)| == | Y [T aymim — 1)uli 26, <0.
i=1 p=1
pFi

u]_u A=A*
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Hence the Hessian matrix of JVWKFC(Ij, G, W) w.rt. wy is

) ( 1 1 1 )
diag , R
ywi Yywa~p Yywci

and evidently, the Hessian matrix is positive definite. So
Jywkre (U, G, W) is minimized at W* = [w};] n«r with Vi,

exp{—y Y11, aulltl|¢(ai) — lga)||*} .
Sy exp{—y Y0n, agultd(as) — blgis) 12}

O

Lemma 3: Suppose that U = U G=Gand W=W are

fixed, and the guidance of the density viewpoint is employed

during clustering, then JVWKFC(Ij, G, VV) is minimized at G* =
l95lcx L if and only if g} satisfies (19).

Proof: When calculating the distance between the data points

and the cluster centers, we use Gaussian RBE, i.e., ||¢(xj;) —
(=4 9:1)>
P(ga)|? =2 —2¢ 27
According to (16), when ¢ = ¢ occurs, the value of the
cluster center is the value of the density viewpoint, i.e., g;; =

xq;- When i # g, we take the partial derivative as % =

wy =

(x1-9;1)2
N M~ — (g —Tj1) dJvwkre
E =1 2a.7uij w;e 20 52 . Then set Togn 0

(1=1,2,...,C; 1 =1,2,...,L). After derivation, we obtain
the updated expression:

Zdi, v =dq,
7(%1*5’1'[)2!‘
git = § il ajufwae 207 I 4
= S 1 .
N 7(%‘1*%1)2 ’ q
D= ajuiwie 202

Here we use g;; on the right-hand side of the formula above to
differentiate. In fact, g;; corresponds to current iteration; while
gi1 corresponds to the result of the last iteration and is regarded
as constant in current iteration. Such mode is illuminated by the
processing strategy of KFCM. Hence the “only if”” condition is
validated.
Moreover, the proof of the “if” condition is as below.
fU=U,G=G = [Git]loxr, and W = W are fixed, then
5.2
one has % = 25\]:1 %aju?}wize’( Jffgg” (noting g;; is
regarded as constant in current iteration). Here  is a Kronecker

1,
0, i#r
The Hessian matrix of JVWKFC(I]', G, W) is

1=r,

index as ;. = {

. Ny m _epman)?
diag g ﬁajuljwme 202
j=1
N 2 m (ya)?
E ﬁaqujwﬂe 202 RN

Jj=1

N R
2 m (@j-acp)?
g —5 QU Woe 202 .
— o
Jj=1

Evidently, the Hessian matrix is positive definite. In other words,
JVWKFC(I]', G, VV) is minimized at which g; is obtained from
(19). 0

Lemma 4: Jywkrc is continuous on My X (]R{L)C X M.

Proof: In Jywkee, {ga = |o(x51) — o(ga) I’} {ui; —
u?]?}, and {w; — Inw;} are continuous. The sum of products
of {wi — w;y } and {giys — ||¢(z;1) — #(gar)||*} is continuous.
Besides, the sum of products of {u;; — u{?}, {wy — wi}
and {gi — [|¢(x1) — #(ga)||*} is likewise continuous. More-
over, the sum of products of {w;; — w;;} and {w; — Inw;;}
is continuous. Consequently, Jywkrc is continuous on M X
(R x M. O

Let Qv w k pc be the solution set of Jywkgc.

Lemma 5: For any (U,G,W) ¢ Quwkrc, one has
that JVWKpc(\I/*(U, G, W)) = JVWKFC(U*a G*, W*) <
Jywkre(U, G, W).

Proof: Suppose that (U,G,W) ¢ Quwirc. Then,
one has JVWKF(j(\I/*(U, G7 W)) = JVWKF(j(\Ilg @)
Uy 0 \Ill(U, G, W)) = JVWKFC(U*; G*, W*) <
Jywkre(U*, G, W*) by Lemma 3. It implies that
JVWKFC(U*; G, W*) < JVwKEC (U*, G, W) by Lemma

2, and that Jywkrc (U*, G, W) < va](]:c(U, G, W)
by Lemma 1. As a result, Jywkre(V.(U, G, W)) =
JVWKpc(U*, G*, W*) < JVWKFC(U, G, W) for any
(U,G,W) ¢ Qvwikrc. O
Lemma 6: The VWKFC operator V., is continuous on My x
(REYC x M,
Proof: In~ VWKFC, one has ¥;(U,G W)=
(Ur(G, W), G, W), where
- 1 T
(S wall(an)—slon)l?) ™
Ur(G,W)= =,

1

S (S wallé) —o(gal?)

Note that {gy — 6(z;0) — dlgw)l} and {6(gur) —
lp(zj1) — ¢(gs1)||*} are continuous. The sum of products
of {wy —wy} and  {gy = o(xj) — d(ga) I’} is
continuous, while the sum of products of {w; — w;}
and {gs — ||¢(zj1) — ¢(gs1)||*} is continuous. Besides,
(i wal| ¢(aj) — @(gi)12) = (i wall $lajn) —
¢(gil)||2)’ﬁ} is continuous while {(Zle wal|d(xji) —
Blga)l?) > (S wallé(s) — dlga)lP) 77} i
continuous. Moreover, the quotient of two continuous
functions, is likewise continuous. So W; is continuous on
My x (RY)C x M,

In a similar way, as for V(UG W)=
(U,Gr(U,G,W), W), we can obtain ¥y is continuous
on My x (RE)Y x M,,. Moreover, as for ¥3(U,G, W) =
(U,G,Wp(U,G)), we can achieve W3 is continuous on
My x (RE)C x M,

All in all, the operator U, = W3 o W5 o Wy is continuous on
My x (RE)C x M, O

Lemma 7: Suppose that [conv(X)|C is the C-fold
Cartesian product of the convex hull of X, and that
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(Ur(GO, W) GO WO is the starting position of it-
eration using V. Then W&t)(UT(G(O),W(O)), GO W) ¢
My x [conv(X)]C x M, is compact in My x (RL)C x M,

Proof: Suppose that (Ur(G©) W) GO W) is the
starting position of iteration using ¥, where U (G(©), W(©)) =
(Ur11(GO, WO Upgy (GO, WO Upne (GO, W
with

UTij(G(O)a W(O))

(Zhy oo —o6e) ™

5, (Shy o lotan) - ola)7) ™
Then

gzl = Gr; z(U(O) G W(O))

Zar, i=gq,
(21~ g( )2
= Sl e T
(T - q(O))Q Y ? 7& q
i 1%(“(0))’"111(0) A

It can be divided into two cases. On the one hand, suppose that
i = q. Then ggll) = x4;. Note that 4 € X from the KHDI al-
gorithm, and obviously gfll ) e [conv(X)]“. On the other hand,
suppose that 7 # ¢. Let
(ej0-980)2
Q; (uij ) wz(lo)e o .
pl] — (O) (O) (21— g(l )2 ) VZ.
N m _77
Zg 1 a]( ) Wy 202

Hence, 0 < p;; <1, V4,7, and gz‘(ll)

(0)yor

N .
= Zj:l pijxﬂ Wlth

N N Oy (),
3 3 (U )M wyy e T2

_ J 1 _ 1
: 1@ = (0) Y (0) 2 57
= - ZJ 195 (U ) Wy 207

(1)

As a result, gj;’ € [conv(X)]°. Summarizing above, G1) €

[conv(X)]€. Persistently recursively, G € [conv(X)]%,
vt > 1.
Moreover, it is evident that one has
= Wra(U©, QW)
0)\m
_ep{ T o 52) [ #(;0) g )%}
Sl exp{—y 0L aj(ul ) 6ss) — é(al))1%}
and W) ¢ M,,. Also we have
Uz(jl) = Uri; (G, W)
1
_ R o) —eg )
S (i wy o) - ¢<g§ﬁ>|| ym o
and U em ¥ Persistently recursively,
w® e M, and UM e My, Yt > 1. Hence,

v (U (GO, WD) GO WO e My x [conv(X)]C x
M, Vt.

Finally, we validate that My x [conv(X)]¢ x M,, is com-
pactin M; x (RE)C x M,,. Because X is finite, every z; € X
has finite elements. As a result, the diameter of X (which
equals to the one of conv(X)) is bounded. Because conv(X)
is the convex hull of finitely many generators x;, it is closed.

0))Hence, conv(X) is bounded and closed in R, and hence

conv(X) is compact. On the strengths of Theorem 3, it can be
obtained that [conv(X )] is also compact. For M,,, noting that
S wi = 1lwy >0(i=1,2,...,C)andw; € (RL)C ev-
idently one has M, is bounded and closed. Because Z —q Uiy >

0 and 21:1 u;; = 1, My is closed and bounded. Consequently,
My x [conv(X)]C x M,, is compact in My x (RE)C x M,,.
It implies that U (U7 (GO, W©) GO W) e M x
[conv(X)]¢ x M, is compactin M; x (RL) x M,,. O

In the light of Lemma 4 to Lemma 7 by validating the condi-
tion of Zangwill’s convergence theorem, we achieve Theorem 5
of the convergence theorem for VWKFC.

Theorem 5: Suppose that X = {x1,...,xn} is bounded in
R with the VWKFC objective function Jywirc(U, G, W)
satisfying chz1 wi; =1 as well as Zle wy =1, and
that W, 0 My x (RE)Y x M, — My x (RL)C x M,
is the VWKFC operator as characterized in Definition
1. Then, for any VWKFC convergent subsequence
\Ifgk)(UT(G(O), W) GO W) shall tend to the optimal
solution (U*, G*, W*) in Qv w i ro, and the VWKFC sequence
gt (Ur(GO, W) GO WO shall  monotonically
converge to the optimal solution (U*, G*, W*) in Quw k rc.

III. EXPERIMENTAL STUDIES
A. Experimental Settings

Here we use eight algorithms for comparison, which include
the FCM, KFCM, RLM, VFCM, EWFCM, FRFCM, DVPFCM
and H-FCM-PSO algorithms. The platform is Windows 10,
and the programming languages are Matlab 2013b and Python
3.5. During the experiment, we ran the proposed algorithm on
five artificial datasets, eight UCI datasets [26], the ORL face
dataset [9], two high-dimensional datasets, and three datasets
with various shapes. Experiments on different types of datasets
help reflect the fairness of comparison.

For all algorithms, we mainly utilize default values of the
parameters. The specific settings are m = 2.5, a =2, v = 1.
For PFCM and DVPFCM, we employ a1 =1, ae =1, p = 2.
For VFCM, we obtain the high-density viewpoint through the
HDCCI method. Considering that the performance of these
algorithms depends on the initialization state, we run each
experiment 30 times with different initializations, and average
them to get the values of each evaluation index.

We employ five evaluation indexes, including classification
accuracy (ACC) [27], normalized mutual information (NMI)
[28], Calinski-Harabasz (CH) [29], ARI extension index (EARI)
[30]-[32] and Xie-Beni (XB) index [33]. Among them, ACC,
NMI and CH are hard clustering indexes, which can be applied to
both hard and soft clustering algorithms. EARI and XB indexes
are soft clustering indexes. Different evaluation indexes reflect
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TABLE III
RUNNING RESULTS OF COMPARISON ALGORITHMS ON ARTIFICIAL DATASETS

FCM KFCM RLM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC
ACC(+) 0.9254 0.9565 0.9733 0.9867 0.99 0.9925 0.9933 0.9933 0.9966
CH(+) 7.9865 8.4489 8.9765 9.2346 9.8287 11.4623 11.6342 11.8942 11.9834
Data-a NMI(+) 0.4967 0.5235 0.5753 0.5997 0.6506 0.8847 0.9144 0.9488 0.9702
EARI(+) 0.6035 0.6346 0.7369 0.7523 0.852 0.9613 0.9632 0.9824 0.9911
XB(-) 0.8876 0.6437 0.3875 0.385 0.2946 0.2447 0.1672 0.1310 0.1046
ACC(+) 0.639 0.689 0.8553 0.887 0.951 0.987 0.9883 0.9880 0.989
CH(+) 7.9849 10.4737 11.6455 12.2932 13.7355 14.8743 14.8546 14.8781 14.8935
Data-b NMI(+) 0.832 0.8554 0.8925 0.9575 0.962 0.9654 0.9692 0.9683 0.9692
EARIH) | 0679 | 07533 0.836 0.8451 0.9158 09877 0.9879 0.9879 0.988
XB(-) 0.5247 0.4822 0.594 0.4637 0.243 0.1945 0.1601 0.1178 0.1049
TABLE IV > "
DETAILS FOR UCI DATASETS
Name Instances | Auributes | Classes B . 5
Tris 150 4 3 2 . E "
2 N
Wine 178 13 3 ? o
Seeds 210 7 3 850
Spect 267 22 2
(a) (b)
Breast_cancer 569 30 2
Letter_AB 1555 16 2 . [ . . . .
ctter Fig.3. (a) p — ¢ decision graph of Data-b dataset. (b) 7 distribution diagram
Wifi Localization 2000 7 4 Of Data_b dataset_
Statlog 6435 36 6

(a) (b) (©

(@) (e)

Fig.2. Runningresults of VWKFC on artificial datasets. (a) Data-a. (b) Data-b.
(c) Data-c. (d) Data-d. (e) Data-e.

the performance of the clustering method at disparate perspec-
tives. Using five different indexes can more comprehensively
reflect the clustering results, thus making the comparison more
reliable.

Note that the RLM algorithm is a Boolean clustering al-
gorithm. Here we supplement its membership matrix whose
membership degrees are made up of zeros and ones. Then we
can also provide the values of EARI and XB for RLM.

As for choosing the values of parameters, we firstly select
some values through some past experience. Secondly, we run a
clustering algorithm by trial and error with these basic values
of parameters. Finally, we employ the values of parameters
corresponding to the best result.

B. Artificial Datasets

The running results of VWKFC on five artificial datasets (i.e.,
Data-a, Data-b, Data-c, Data-d and Data-e) are shown as Fig. 2.

From Fig. 2, we can see that data points belonging to different
clusters are marked with different colors and shaped after the
operation of VWKFC. We can find that the VWKFC algorithm
performs well in these datasets. Among them, the black dots
in the rendering diagram represent the location of the cluster
centers obtained by VWKEFC. It can be found that the location of
the cluster centers obtained by VWKFC is accurate. Especially
in the Data-e dataset, 12 different cluster centers are accurately
found in the case of severe class overlap.

To verify the effectiveness of the proposed KHDI algorithm
(as the initialization method), Fig. 3(a) is the p — § decision
graph of Data-b processed by KHDI. As can be seen from
Fig. 3(a) the local density is evenly distributed within the interval
of [0, 1]. Among them, the pivotal distance ¢ of most data points
is at a level less than 0.05, and these data points are represented
by a dot “-” in the figure. By observing Fig. 3(a), there exist
7 data points that are different from other data points. They
have a pivotal distance ¢ and a large local density p that are
significantly higher than other data points. The seven points are
marked by the different symbols. Correspondingly, Fig. 3(b) is
the parameter 7 distribution diagram of Data-b. It is observed
that 7 for these 7 data points in Fig. 3(b) is evidently larger than
most data points. The value of 7 of most data points is almost
close to 0. According to the idea of KHDI, these 7 data points
correspond to the seven initial cluster centers for Data-b. One can
well perceive from Fig. 3 that KHDI can distinguish potential
cluster centers from common data points and effectively discover
initial cluster centers.

In Table III, we offer the value of the evaluation indexes
obtained by comparative algorithms after running on Data-a and
Data-b. The results of FCM, KFCM and RLM are the worst. The
effect of V-FCM is better due to the introduction of viewpoints.
Then, EWFCM, FRFCM, DVPFCM and H-FCM-PSO also
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TABLE V
RUNNING RESULTS OF COMPARISON ALGORITHMS ON UCI DATASETS

FCM KFCM RLM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC

ACC(+) 0.597 0.7289 0.8065 0.8667 0.8933 0.9133 0.9225 0.9333 0.9467

CH(+) 9.7035 10.2406 10.906 10.1723 11.6567 11.8354 12.295 12.3027 12.3074

Iris NMI(+) 0.2498 0.3315 0.6832 0.7269 0.7433 0.7705 0.7833 0.8322 0.8366
EARI(+) 0.6932 0.7521 0.7562 0.8487 0.8524 0.8838 09118 0.9253 0.9299
XB(-) 0.7407 0.4083 0.6410 0.398 0.391 0.206 0.3345 0.2025 0.199

ACC(+) 0.6551 0.727 0.7541 0.7876 0.8034 0.809 0.8596 0.8708 0.8764

CH(+) 2.0802 2.1887 2.9635 4.1096 4.6689 7.3996 8.2208 9.5626 10.374

Wine NMI(+) 0.1769 0.281 03712 0.4342 0.4771 0.5494 0.6709 0.6711 0.6714
EARI(+) 0.1588 0.2593 0.2873 0.3029 0.4049 0.574 0.7325 0.7867 0.8066

XB(-) 3219 2.3283 24835 2.2456 2.1449 1.6047 1.4138 1.0297 0.8497

ACC(+) 0.7952 0.7983 0.8295 0.8348 0.8524 0.8905 0.8952 0.8995 0.9

CH(+) 8.0245 10.0106 10.8873 13.431 14.1835 15.7293 15.7699 15.8007 15.8565

Seeds NMI(+) 0.4799 0.4825 0.5332 0.5905 0.6337 0.6654 0.6684 0.6729 0.6976
EARI(+) 0.5319 0.5471 0.6122 0.7503 0.8039 0.8273 0.8359 0.8494 0.8585

XB(-) 0.7752 0.6853 0.6450 0.5699 0.3962 0.3919 0.3517 0.2876 0.1205

ACC(+) 0.5723 0.7352 0.7667 0.7753 0.794 0.7945 0.8427 0.8315 0.8543

CH(+) 16.5504 18.7896 18.998 19.3829 21.9245 31.8734 33.2145 33.2275 33.2571

Spect NMI(+) 0.1129 0.2174 0.2197 0.2405 0.2518 0.2695 0.2742 0.2286 0.3209
EARI(+) 0.2636 0.5774 0.5447 0.6348 0.8657 0.8879 0.8935 0.8942 0.8943

XB(-) 2.529 1.8233 2.3126 1.3781 1.31 0.7732 0.7489 0.7190 0.6983

ACC(+) 0.7699 0.8297 0.8552 0.8897 0.8944 0.9156 0.9315 0.9315 0.9332

CH(+) 40.8972 42.2908 66.2103 78.7936 80.3375 88.4362 92.565 94.0327 96.7998
Breast_cancer NMI(+) 0.2931 0.3615 0.4763 0.5293 0.5319 0.5728 0.626 0.6300 0.646
EARI(+) 0.7896 0.7939 0.8012 0.8134 0.8575 0.8579 0.8735 0.8754 0.8876

XB(-) 0.9735 0.839 0.6780 0.598 0.3747 0.3546 03174 0.2647 0.2647
ACC(+) 0.8329 0.8533 0.8795 0.8853 0.8887 09119 0.9235 0.9286 0.935

CH(+) 129.0012 129.8611 130.6947 134.0196 134.2925 140.1665 159.9534 164.9831 176.2127

Letter_AB NMI(+) 0.3905 0.4045 0.478 0.4799 0.5021 0.5731 0.6424 0.6439 0.6449
EARI(+) 0.8074 0.8122 0.7909 0.8135 0.8177 0.8224 0.8568 0.8582 0.8647
XB(-) 1.5822 1.1709 1.0738 0.9006 0.7316 0.6327 0.6024 0.5633 0.432
ACC(+) 0.5389 0.547 0.5824 0.6295 0.676 0.7595 0.924 0.9260 0.948

CH(+) 56.0916 61.5782 63.5621 65.7539 66.3763 66.7259 68.835 69.4152 70.5556

Wifi localization NMI(+) 0.4371 0.5406 0.5903 0.6049 0.6771 0.6815 0.7928 0.8068 0.8356
EARI(+) 0.5208 06113 0.6645 0.6696 0.6722 0.7296 0.8599 0.8943 0.9018

XB(-) 0.6325 0.5665 0.5696 0.5333 0.469 0.4269 0.303 0.3007 0.0906

ACC(+) 0.7565 0.7614 0.7842 0.8026 0.8202 0.8511 0.8963 0.9378 0.9521

CH(+) 78.2974 82.5009 89.5367 97.1245 109.7552 113.0569 234.1459 244.7384 442.7055

Statlog NMI(+) 0.1846 0.2065 0.2288 0.2436 0.2497 0.3436 0.4019 0.6104 0.7418
EARI(+) 0.2688 0.2856 03110 0.4138 0.4346 0.6818 0.8625 0.8849 0.9077

XB(-) 1.6579 1.3423 1.3037 1.2869 0.6826 0.456 0.4016 0.2714 0.1303

From Table V, FCM and KFCM show a more modest effect.
As a non FCM clustering method, RLM performs better than
FCM and KFCM. By introducing viewpoints, V-FCM gets
better results than FCM, KFCM and RLM. Then, EWFCM

obtain nice values. The VWKEFC algorithm achieves best results
in terms of all evaluation indexes.

Why is the VWKEFC algorithm the best here? In fact, VWKFC
achieves the initialization of the cluster centers through KHDI,

which avoids the algorithm falling into the local optimal value
due to improper initialization of the cluster centers. In the
process of clustering, the selection of features in VWKEFC is
realized through feature weights, making the clustering result
more accurate. The influence of noise and outliers on clustering
effectis reduced by introducing high-density viewpoint obtained
by KHDI.

C. UCI Datasets

Furthermore, we evaluate the performance of VWKFC on
8 UCI datasets. Table IV shows the specific details of these
UCI datasets, including the number of data samples, the number
of attributes, and the reference classes. Table V shows the
index values obtained by each clustering algorithm running on
different UCI datasets.

and FRFCM obtain more excellent performance. In virtue of
using RLM-based initialization strategy and viewpoint idea,
DVPFCM obtains more perfect performance. In addition, by
using the optimization mechanism of PSO, the H-FCM-PSO
algorithm also obtains good results. But VWKFC is still the
best one.

For example, in the Iris dataset, the ACC value of VWKFC
reaches 0.9467. On datasets with higher feature dimensions,
such as Breast_cancer, Spect and Statlog, the ACC value of
VWKEC reaches 0.9332, 0.8543 and 0.9521. This indicates that
VWKEC has certain advantages over previous algorithms in pro-
cessing datasets with more attribute characteristics. Compared
with the traditional feature weight clustering algorithms (e.g.,
EWFCM and FRFCM), the VWKEFC algorithm initializes the
cluster center and introduces the viewpoint through the KHDI
algorithm to avoid that the objective function falls into the
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TABLE VI second best. Experiments manifest that VWKFC can converge
PERCENTAGE IMPROVEMENT IN ACC OF VWKFC COMPARED WITH RELATED . . . P .
ALGORITHMS after fewer iterations than other algorithms. This is mainly due
to the introduction of more accurate initial cluster centers and
FCM | KFCM | RLM | VFCM | EWFCM | FRECM | DVPFCM | H.FCM-PSO viewpoint by KHDI, which greatly accelerates the convergence
Data-a 00806 | 00454 | 00274 | 00137 0.0101 0.0067 0.0033 0.0033 spee d.
Data-b 0.5477 0.4354 0.1563 0.1149 0.0399 0.002 0.0007 0.0010 . .
Iris 0.5857 0.2988 0.1738 0.0923 0.0597 0.0365 0.0262 0.0142 In Table VIII’ We CalCUIate the average runnlng tlme Of eaCh
Wine 0378 | 02055 | 01621 | 01127 | oo | oo | 00195 0.0063 algorithm on different datasets. Here we have sorted the average
Seeds 0.1317 0.1273 0.0849 0.0781 0.0558 0.0106 0.0053 0.0006 I'l]Ill’liIlg time Of these algorithms iIl ascending order and marked
spect 0.4923 0.1619 0.1142 0.1018 0.0759 0.0752 0.0137 0.0759 the S()rted p051ti0n ln parentheses, AS Can be Seen’ Compared Wlth
Breast_cancer 0.2121 0.1247 0.0912 0.0488 0.0433 0.0192 0.0018 0.0018 . . .
Letter_AB 0.1225 0.0957 0.0631 0.0561 0.052 0.0253 0.0124 0.0068 Some algonthms, VWKFC needs more runnlng tlme although
Wifi localization 0.7591 0.733 0.5824 0.5059 0.4023 0.2481 0.0259 0.0232 it runs fewer iterations, ThlS is because the VWKFC algorithm
Statlog 0.2585 0.2504 0.2141 0.1862 0.1608 0.1186 0.0622 0.0150 1I1 addltiOIl needs tO Calculate the Welght I’natl’lX. HOWGVer, the
The average 0.3528 0.2478 0.1669 0.131 0.099 0.0625 0.0171 0.0148 . . . . .
extra cost in running time is worth due to the resulting benefit
of VWKEC.
TABLE VII

AVERAGE NUMBER OF ITERATIONS OF THE ALGORITHMS RUNNING ON
DIFFERENT DATASETS

FCM KFCM V-FCM EWFCM FRFCM DVPFECM H-FCM-PSO VWKFC
Data-a 133) 43(8) 20(6) 3T 6(2) 20(5) 20(4) 6(1)
Data-b 31(5) 52(8) 29(4) 20(3) 4(1) 32(7) 32(6) 92)
Iris 17(3) 29(5) 18(4) 37(6) 6(2) 152(8) 52(7) 5(1)
Wine 25(5) 41(6) 23(4) 67(8) 21 223) 48(7) 9(2)
Seeds 193) 29(6) 26(4) 111(8) 5(1) 28(5) 46(7) 8(2)
spect 15(4) 327 53) 37(8) 5(2) 32(6) 27(5) 41
Breast_cancer 15(4) 37(7) 7(2) 85(8) 2(1) 19(5) 25(6) 143)
Letter_AB 22(5) 15(3) 9(2) 74(8) 3 16(4) 28(6) 39(7)
Wifi localization 417 61(8) 36(5) 39(6) 3 15(3) 30(4) 11(2)
Statlog 16(4) 25(6) 16(3) 49(7) 7(2) 57(8) 24(5) 41
The average 21.4(4) 36.4(6) 18.9(3) 55.0(8) 4.3(1) 39.3(7) 33.2(5) 10.9(2)

local minimum point due to improper initialization of cluster
centers. Compared with V-FCM and DVPFCM, the VWKFC
algorithm can obtain better clustering effect when processing
high-dimensional data by assigning weights to features.

Table VI shows the percentage improvement of the VWKFC
algorithm in ACC compared with the comparison algorithms
in each dataset, including artificial and UCI datasets. From
Table VI, we get 1.48% improvement of the proposed VWKFC
in ACC compared with H-FCM-PSO, and 1.71% improvement
than DVPFCM, and 6.25% improvement than FRFCM, and
9.90% improvement than EWFCM, and 13.10% improvement
than V-FCM, and finally 16.69% improvement than RLM.

Besides, we calculate the average number of iterations of each
algorithm on different datasets, which is shown in Table VII.
Since there is no iterative process in the running process of the
RLM algorithm, we do not compare it with RLM here. We sort
the average number of iterations of different algorithms on the
same dataset in ascending order, and the numbers in parentheses
represent the positions that have been sorted. As can be seen,
the average numbers of iterations of VWKFC on Data-a, Iris,
Spect, Statlog are the lowest among all algorithms, and the
average numbers of iterations of VWKFC on Data-b, Wine,
Seeds and Wifi localization are the second among all algorithms.
It is worth noting that, on the dataset of Letter_AB, the average
number of iterations of VWKFC is 39, which is greater than
the number of iterations of all algorithms except EWFCM. This
indicates that VWKFC may be not perfect in processing dataset
of character recognition. From the perspective of the average
number of iterations, FRFCM is the best while VWKEFC is the

D. ORL Face Dataset

We exhibit the results on the ORL face dataset. To verify the
effect of VWKEFC in face clustering, we use a total of 200 face
images of the last 20 people in ORL face dataset. The evaluation
indexes ACC and CHI are used to evaluate the clustering effect.
Table IX shows the results of each algorithm on ORL face
dataset. Among them, the index ACC of VWKFC on ORL face
dataset is 0.7032, and the index CH is 10.6749. Experiments
show that the VWKEFC algorithm can achieve the best clustering
effect on the ORL face dataset.

E. High-Dimensional Datasets

We show the running results of comparison algorithms on
two high-dimensional datasets, including Libras (with 90 di-
mensions and 360 samples) and D256 [34] (with 256 dimensions
and 1024 samples). From Table X, we find that DVPFCM gets
good result and VWKEFC obtains the best performance. This
shows that the effect of the VWKFC algorithm is also ideal for
high-dimensional datasets.

F. Datasets With Various Shapes

Table XI show the results on three datasets with various
shapes, which include Pathbased, Jain, and Spiral. From Ta-
ble XI, VWKFC and RLM obtain the best result from five
evaluation indexes. In detail, Path-based and Jain have relatively
dense data in the same cluster, so distance-based clustering
algorithm can get a better effect. As for the Spiral dataset, data
is spiral and the data distribution shows the characteristic shape
of dataset ontology, so density-based clustering method (e.g.
RLM) is suitable, meanwhile VWKFC also works fine.

G. Determining the Number of Clusters

Here we can provide useful information on how to determine
the number of clusters. From the KHDI algorithm, the value of
7 of most data points is almost close to 0, but there exist some
special points with high 7 values. The number of these special
points gives the suggestion of clustering number. For example, in
Fig. 3(b), there exist 7 special points with high 7 values, which
implies that the clustering number may be 7 (noting that the
ground-truth clustering number is 7).
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TABLE VIII
AVERAGE RUNNING TIME OF EACH ALGORITHM ON DIFFERENT DATASETS
FCM KFCM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC
Data-a 0.0510(1) | 0.2340(7) | 0.11303) 0.0540(2) 0.4130(8) 0.2260(6) 0.1749(5) 0.1580(4)
Data-b 313304) | 6.8050(7) | 49050(6) | 17.6750(8) | 0.1290(1) 0.6544(2) 4.6653(5) 2.8550(3)
Tris 0.05202) | 0.1400(5) | 0.1100(4) 0.2060(7) 0.0300(1) 4.1430(8) 0.2251(6) 0.0900(3)
Wine 0.14603) | 0.29004) | 0.1300(2) 1.9080(7) 0.0500(1) 5.0130(8) 0.3955(6) 0.3800(5)
Seeds 00950(2) | 0.22004) | 02300(5) | 10.48808) | 0.0700(1) 5.8260(7) 0.3725(6) 0.2100(3)
spect 0.0250(1) | 0.13002) | 0.15004) | 63.1930(8) | 0.1300(3) 0.3810(6) 0.2660(5) 0.4990(7)
Breast_cancer 0.1490(1) | 0.18002) | 0.6380(5) | 2239408) | 0.5270(3) 1.3410(6) 0.5373(4) 1.7550(7)
Letter_AB 04170(1) | 0.9960(3) | 42370(5) | 12.8140(7) | 0.4390(2) 8.7850(6) 1.4623(4) 15.9260(8)
Wifi localization | 2.67302) | 6.0380(4) | 9.4950(5) | 19.91908) | 0.2600(1) | 19.8210(7) 53542(3) 11.0970(6)
Statlog 0.5640(1) | 1.2860(2) | 93530(5) | 722470(8) | 2.54104) | 53.4610(7) 1.9877(3) 17.9110(6)
The average 073052) | 1.63194) | 29361(5) | 22.08988) | 0.4589(1) 9.9651(7) 154413) 5.0881(6)
TABLE IX

RUNNING RESULTS OF THE VWKFC ALGORITHM ON THE ORL FACE DATASET

FCM KFCM RLM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC
ACC(+) 0.23 0.3 0.3759 0.45 0.5212 0.6305 0.6822 0.5700 0.7032
CH(+) 1.0168 3.039 3.1288 3.342 4.7389 7.4563 7.5977 7.8624 10.6749
TABLE X

RUNNING RESULTS OF COMPARISON ALGORITHMS ON TWO HIGH-DIMENSIONAL DATASETS

FCM KFCM RLM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC
ACC(+) 0.3500 0.3639 0.3667 0.3750 0.3917 0.4139 0.4278 0.4250 0.4306
CH(+) 0.7197 0.8205 0.8971 0.8386 0.9255 0.9315 1.0157 1.0181 1.0611
Libras NMI(+) 0.4072 0.4697 0.4720 0.4766 0.5034 0.5259 0.5493 0.5356 0.5582
EARI(+) 0.3903 05114 0.5135 0.5205 0.5347 0.5934 0.6092 0.6201 0.6404
XB(-) 2.7475 1.9227 1.9376 1.8947 1.6962 0.7396 0.3064 0.2590 0.2458
ACC(+) 0.8125 0.8281 0.8496 0.8750 0.9131 0.8994 0.9189 0.9209 0.9229
CH(+) 2.3081 2.7514 2.8341 2.8415 2.8657 2.8571 2.8661 2.8865 2.8876
Dim256 NMI(+) 0.8660 0.8755 0.9048 0.9121 0.9467 0.9291 0.9477 0.9503 0.9679
EARI(+) 0.8849 0.9186 0.9199 0.9325 0.9566 0.9698 0.9617 0.9753 0.9837
XB(-) 122.1710 83.3129 68.4021 57.6211 45.1444 42.5325 33.2638 279157 22.7201
TABLE XI
RUNNING RESULTS OF COMPARISON ALGORITHMS ON DATASETS WITH VARIOUS SHAPES
FCM KFCM RLM V-FCM EWFCM FRFCM DVPFCM H-FCM-PSO VWKFC
ACC(+) 0.6567 0.6867 0.7333 0.7067 0.7100 0.7133 0.7267 0.7433 0.7467
CH(+) 12.9497 13.1794 22.4901 20.6823 20.8275 22.1214 23.0783 23.2108 23.4285
Pathbased NMI(+) 0.3833 0.4580 0.5404 0.4749 0.4938 0.5135 0.5362 0.5493 0.5512
EARI(+) 0.6558 0.6872 0.6318 0.7545 0.7709 0.7900 0.8140 0.8166 0.8240
XB(-) 0.6827 0.4655 0.4897 0.3834 0.3566 0.2749 0.2429 0.2425 0.2387
ACC(+) 0.7668 0.8150 0.8740 0.8204 0.8633 0.8686 0.8794 0.8740 0.8847
CH(+) 19.2806 25.8889 58.8733 29.3787 315121 48.6993 51.0734 55.5433 61.2501
Jain NMI(+) 0.3474 0.3524 0.3888 0.4398 0.5177 0.5221 0.5435 0.5325 0.5547
EARI(+) 0.5595 0.6287 0.6495 0.7237 0.8155 0.8225 0.8355 0.8347 0.8446
XB(-) 0.8460 0.5788 0.5771 0.5481 0.5331 0.3030 0.2806 0.2755 0.2519
ACC(+) 0.3462 0.3494 1.0000 0.3526 0.3590 0.3654 0.3622 0.3622 0.3654
CH(+) 14.3450 16.5469 18.0545 18.3157 21.5884 21.0739 21.0144 22.1455 22.7596
Spiral NMI(+) 0.0016 0.0019 1.0000 0.0023 0.0027 0.0030 0.0032 0.0032 0.0032
EARI(+) 0.5227 0.5840 1.0000 0.6981 0.7473 0.8128 0.8031 0.8073 0.8131
XB(-) 0.9251 0.5568 0.3744 0.5147 0.3914 0.3191 0.3487 0.3171 0.2852

To discover the issue of determine the number of clusters,
we employ some commonly-used clustering validity indexes
including the XB index, the Wu-and-Li index (WLI) [35] to-

Table XII shows the optimal number of clusters obtained by
the VWKFC algorithm on the strength of these indexes. We
observe that the results of XB, WLI and IMI show that the

gether with the imbalanced index (IMI) [36]. Now, supposing
that we do not know the clustering number of an artificial
dataset Data-b and a UCI dataset Aggregation. We employ
the clustering number corresponding to the extreme values of
these cluster validity indexes as the ideal number of clusters.

ideal clustering number of the Data-b and Aggregation datasets
is all 7. So the VWKFC algorithm can recognize how many
clusters are in the Data-b and Aggregation datasets. From
such point of view, it can help find the correct clustering
number.
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TABLE XII
THREE CLUSTER VALIDITY INDEXES FOR THE TWO DATASETS USING VWKFC

S
w

4 5 6 7 8 9 10 11 12 13 14 15

XB(-) 0.3404 0.5767 0.7809 0.5242 0.3564 0.1046 0.7289 0.7048 0.6300 0.6728 0.6844 0.6655 0.6154 0.6904

Data-b WLI(-) 0.0667 0.0828 0.0540 0.0840 0.0477 0.0446 0.0622 0.0540 0.0567 0.0538 0.0462 0.0461 0.0472 0.0589

IMI(-) 0.2024 0.2025 0.1777 0.1420 0.1651 0.1110 0.1439 0.1224 0.1584 0.1479 0.1275 0.1358 0.1311 0.1417

XB(-) 0.5743 0.7348 0.6829 0.6656 0.5816 0.5497 0.5957 0.5665 0.7603 0.7383 0.7669 0.7440 0.7007 0.7104

Aggregation WLI(-) 0.1618 0.4807 0.4239 0.4175 0.4054 0.3952 0.4063 0.4335 0.4881 0.4666 0.5129 0.5146 0.5710 0.5094

IMI(-) 0.2820 0.3335 0.2762 0.2548 0.2505 0.2381 0.2590 0.2715 0.2636 0.3209 0.2556 0.3753 0.4721 0.3659

IV. CONCLUSION In the future work, we will further explore the application of
the VWKEFC algorithm to more practical fields which include
text clustering, data mining, image processing and others. We

hope that the proposed VWKEFC algorithm can play a vital role

In this study, we propose the density viewpoint-based
weighted kernel fuzzy clustering (VWKFC) algorithm. The
main work and contributions are as follows:

iii)

ii)

iv)

V)

i) We establish the kernel-based hypersphere density ini-
tialization (KHDI) algorithm. We use the kernel distance
instead of the Euclidean distance to calculate local den-
sity of data points. A more accurate initialization of the
cluster centers is provided before the algorithm itera-
tion. It prevents the algorithm from falling into a local
minimum due to improper initialization of the cluster
centers.

We put forward a novel computing method for density
viewpoints. A new density radius is given in KHDI, and
then the data point with the highest local density obtained
by KHDI is regarded as the viewpoint, and the structure of
the whole data is observed on this basis. By this way, the
influence of noise and outliers on the cluster center during
iteration is reduced to a certain extent.

The concept of the weight information granule is pro-
posed. In order to obtain good results when the algorithm
processed datasets with high feature dimensions and clus-
tering irrelevant feature attributes, we introduce feature
weight matrix. Different weights are assigned to different
features to reduce the influence of unrelated features in

in different fields. In addition, we are going to combine fuzzy
clustering with fuzzy reasoning [37], [38].
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